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Abstract 
Fatigue and stress are the most important criteria in engineering problems. Most of the failures of the 
structures and mechanical applications are due to fatigue and stress failures, therefore it is not 
sufficient to optimize the structures for the stiffness and other global responses such as frequencies, 
without considering stress and fatigue failure in the optimization process. This research investigated 
the fatigue and stress-based topology optimization in the framework of the bi-directional evolutionary 
structural optimization (BESO) method, where the goal is to find the optimal distribution of the 
materials by considering the stress and fatigue failure. 
As the first part of this study, a stress-based BESO method has been developed, in which the 
sensitivity analysis is based on the stress, and the sensitivity numbers have been derived from the 
sensitivity analysis. To decrease the computational cost the global approach has been used to 
assemble all the local stresses in one function. To this, the modified p-norm method has been used to 
assemble all the local von Mises stress of the elements in a function. Three different problem 
formulations have been solved for the stress-based BESO method. In the first problem, the stiffness of 
the structure has been maximized, while volume and stress constraints have been satisfied. This is the 
original BESO method with an additional stress constraint. The second formulation deals with stress 
minimization of the structure with volume constraint, in which the p-norm stress has been minimized 
for prescribed volume constraint. The last problem formulation of the first part of this study is related 
to the volume minimization of the structure subject to stress constraint. 
In the next stage of this study, the BESO method has been extended based on the critical fatigue 
stresses. First, the critical fatigue stress has been calculated according to the desired life cycle by 
fatigue analysis, and then this stress has been used as stress constraint in the topology optimization 
problem to achieve the optimal design. This means that the fatigue constraint has been changed to the 
stress constraint and used in the topology optimization process. Since the fatigue failure is related to 
the maximum principal stress, therefore in this part of the study, the sensitivity analysis is based on 
the principal stress, rather than the von Mises stress which has been considered in the first part. In this 
    
part, the optimization problem is formulated to find the stiffest structure while the volume and the 
fatigue constraint have been satisfied.  
The third and last part of this study is focused on the fatigue-based BESO method, in which the 
fatigue failure criteria have been considered directly in the sensitivity analysis, rather than applied as a 
stress constraint in the topology optimization problem. To calculate the fatigue failure criteria, the 
modified Goodman and Gerber theories have been used. To decrease the computational cost, we have 
used the global approach to assemble all the local fatigue failure criteria in one function by using the 
p-norm method. The optimization problem has been defined as maximizing the stiffness of a 
structure, with a volume constraint and a fatigue failure constrain to prevent fatigue within the 
prescribed life cycles. As before, this is the original BESO problem with an additional constraint in 
which the fatigue failure criterion is considered as an extra constraint. For the finite element analysis, 
the sensitivity number of the elements was calculated based on the results from the equivalent linear 
static analysis.  
To show the validity of the stress and fatigue based BESO approaches several different numerical 
examples have been solved. To demonstrate the effectiveness of our proposed method, the original 
BESO problem in which the compliance was minimized, subject to volume constraint, was also 
solved and the results compared with the proposed methods.  
  
  1 
Chapter 1  
 
Introduction 
1.1 Background 
Although the structural optimization has been developed in recent years and different optimization 
methods have been proposed accordingly, the structural optimization method is still new, and its 
methods and approaches are being changed rapidly. Structural optimization is divided into three 
different categories: shape, size and topology optimization. Among these methods, topology 
optimization of the structures is the most applicable and effective way of the optimization method 
which has been considered in the engineering applications for decades, because it leads to the best 
optimal design, while compared economically with size and shape structural optimization. In the 
topology optimization approach, the aim of the optimization is to find the best material distribution of 
the structure to maximize its performance. It can be used as an effective tool to enhance the structural 
designs for engineering problems. Hence, topology optimization methods enable the designers to 
reach the proper structural layout for the structural performance requirements. This is achieved by 
seeking the optimal distribution of the material within the design domain while satisfying the 
specified design constraints. 
Many topology optimization approaches including the Solid Isotropic Material Penalization (SIMP) 
(Bendsøe, MPa 1995), Evolutionary Structural Optimization (ESO) (Xie & Steven 1997) and Bi-
directional ESO (BESO) (Hassani & Hinton 1999) have been proposed. The SIMP method, which is 
based on the continuous density of elements, was able to obtain the nearly black and white (0/1) 
optimal design by penalizing the intermediate densities. While, in the ESO method, elements with 
high stresses gradually removed from the ground structure. Huang and Xie (Huang, X & Xie, YM 
2007, 2010) proposed a BESO method based on discrete densities of the element (solid or void) to 
search for the optimal design of structures, according to relative ranking of the derived sensitivity 
numbers of elements. However, the majority of the topology optimization methods were basically 
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focused on the stiffness maximization, with a volume constraint and other global responses, such as 
frequencies. In real life applications, stiffness optimization designs may not fully satisfy the 
engineering needs such as stress and fatigue failure. Therefore, it is important to consider stress and 
fatigue failure, which are the most important design criteria for engineering structures. They can be 
treated as constraints in topology optimization problems. Considering the local stress and fatigue 
failure directly in topology optimization has been a challenging major research area. Several 
fundamental difficulties should be overcome to apply the stress and fatigue failure as constraints in 
topology optimization process.  
The first difficulty is related to the number of local constraints. Comparing the traditional topology 
optimization methods with two global responses, in which the compliance minimized with a volume 
constraint, the stress, and fatigue–based topology optimization includes large number of the local 
constraints, and since the local constraint applies on each point of the element in the design space, it is 
not possible to determine the region of the critical fatigue failure or stress. The gradient-based 
traditional topology optimization solves with the adjoint method effectively because the number of the 
constraints are less than the number of the design variables. However, solving the stress and fatigue-
based topology optimization with a large number of local constraints is not possible with the adjoint 
method due to the expensive computational cost. 
“Singularity “is the second difficulty which has arisen in the topology optimization problem with 
stress constraint. The singularity phenomenon was first introduced by (Sved & Ginos 1968), where 
the gradient-based optimization approach was not able to reach the proper optimal design of the tree-
bar truss, as one of the truss members was removed during the optimization process to reach the 
optimal solution. However, the stress violation would happen by reducing the cross-sectional area of 
one member continuously.   
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The last difficulty of the stress and fatigue –based topology optimization, is the nonlinearity nature of 
the constraints, which lead to non-convergence of the optimization problem in some cases. Hence the 
algorithm should be robust enough to overcome the nonlinearity problem of the constraints.  
Stress and fatigue constraints topology optimization problems are considered as one of the most 
difficult engineering problems, and the fatigue constraint topology optimization is a relatively new 
and rarely explored research area. Therefore, in this study, the novel stress and fatigue based BESO 
approaches have been proposed to reach the optimal design, while considering the fatigue and stress 
failure in the optimization process.  
1.2 Aim and Scope 
As stated earlier, fatigue and stress failure are the most important criteria for engineering applications, 
and nearly most of the mechanical components’ failures are due to fatigue and stresses. In addition, 
topology optimization of the structure leads to designing the lightweight structures which can save 
material and energy resources significantly. 
Nearly all the fatigue-based topology optimization methods were based on continuous densities of 
elements. So far there has been no report on considering the fatigue constraint in topology 
optimization, based on binary design variables (solid/void) as it is in the BESO method. Using 
continuous design variables such as SIMP resulted in an optimized design with various elemental 
densities, and intermediate elements were inevitable. Those intermediate elements constituted the 
“grey areas” of the optimized design which were hard to evaluate against fatigue. Therefore, it is 
worthwhile to explore an optimization process without the intermediate elements. BESO has the 
potential to provide explicit solid/void designs of structures, without intermediate elements, but has 
never been developed with fatigue constraint. In addition, stress constraint has rarely been used in 
terms of the BESO method. Recently, Xia et al. (2018) investigated the stress optimization problem 
using the BESO method to provide a solid/void optimized topology. Due to the complexity of the 
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stress-based topology optimization problems, Xia et al. (2018) simplified the sensitivity analysis, and 
overly damped the sensitivity numbers in order to make the BESO procedure stable.  
Hence, in this research, we proposed the fatigue and stress based BESO method to optimize the 
structure with no fatigue and stress failure. In the proposed stress-based method, the stress vectors of 
the material have been fully considered in the sensitivity analysis, and then, the current BESO method 
has been extended to find a design without large stress concentration, and with local stress close to the 
stress limit. In the fatigue-based approach, the aim is to provide a preliminary optimal solution for 
helping engineers to achieve stiff and fatigue-resistant structural components. The methods have been 
verified numerically and the results obtained are appealing, where for comparison the traditional 
compliance-based BESO method has been solved in each case. 
1.3 Organisation of the thesis 
The research is organized as follows. In Chapter 2, the literature review of the related researches is 
presented. Firstly, stress constrained topology optimization introduced in this chapter in which we 
reviewed different stress–based methods, along with the challenges that need to be overcome for 
effectively solving optimization problems which are based on stress. Then the fatigue constrained 
topology optimization with different fatigue failure criteria and methodology, has been reviewed at 
the end of this chapter. 
Chapter 3 describes the evolutionary optimization procedures. The problem formulation of the 
original BESO method has been discussed in this chapter. Since BESO method is the foundation of 
our proposed method, therefore we also reviewed the sensitivity analysis of the traditional 
compliance-based BESO method, along with the mesh dependency filter scheme. The elements 
update scheme has been reviewed in this chapter and the summary of the original BESO method has 
been discussed at the end. 
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Chapter 4 presents the proposed stress-based BESO method, in which the three different optimization 
problem formulations, and the aggregation approaches, have been introduced respectively. The next 
section of this chapter is related to the calculation of the sensitivity numbers of the elements, derived 
from the sensitivity analysis which is performed through the adjoint method. The results of the 
numerical examples for each optimization problems which were introduced at the beginning of this 
chapter, are presented in the next sections and compared with those from the traditional stiffness 
optimization. Conclusions and limitations of the proposed topology optimization method are 
summarized at the end of this chapter. 
In Chapter 5 the critical fatigue stress has been considered in the BESO method, where the critical 
fatigue stress has been used as a stress constraint in the topology optimization process.  First, the 
problem formulation has been defined, and then the sensitivity analysis which is based on the critical 
fatigue stress, has been calculated to reach the sensitivity numbers of the elements. In the next stage, 
the numerical implementation procedure and the obtained numerical results of the examples have 
been discussed respectively. Again, the concluding remarks have been reviewed at the end of this 
chapter.  
The proposed fatigue-based topology optimization in the framework of the BESO, is presented in 
Chapter 6 where the fatigue failure criteria have been directly applied to the sensitivity analysis. 
Firstly, the topology optimization problem formulation, different fatigue failure criteria, and the 
aggregation method of the constraints have been discussed in this chapter respectively, and then the 
sensitivity number derivation has been calculated based on the fatigue constraint. The optimization 
procedure and the numerical results have been discussed at the next stage where again the result of the 
traditional BESO method is available for comparison. The conclusion of the results and limitation of 
the proposed method has been drawn at the end of this chapter.  
Chapter 7 deals with a summary of the study and limitations of the research and suggestions for future 
work. 
  6 
Chapter 2  
 
Literature Review 
The literature review of the research related to this study is presented in this chapter. In the first part 
of this chapter, different approaches of stress-constrained topology optimization for continuum 
structures is reviewed, along with the fundamental difficulties for solving the stress-based topology 
optimization and the ways to tackle them. The recent development in fatigue constrained topology 
optimization with different methodologies is examined in the second section of this chapter.   
2.1 Stress-constrained topology optimization for continuum structures  
Stress-based topology optimization was discussed in many papers, where the majority used the SIMP 
method along with the Method of Moving Asymptotes (MMA) (Svanberg 1987) to obtain the optimal 
design, see e.g.(Holmberg, Torstenfelt & Klarbring 2013; Jeong, Choi & Yoon 2014; Jeong et al. 
2012; Le et al. 2010; París et al. 2010b). Meanwhile, other topology optimization approaches such as 
the integer programming method (Svanberg & Werme 2007), the level-set method (Allaire & Jouve 
2008; Amstutz & Novotny 2010; Guo et al. 2011) were also applied to solve the stress constraint 
topology optimization problems. Stress-based BESO has been investigated recently by Xia et al. 
(2018) in which the sensitivity analysis was simplified in order to make the BESO procedure stable.  
2.1.1 Stress-based topology optimization using SIMP method 
As mentioned earlier, most of the stress-based topology optimizations are based on the SIMP method 
which is a continuous density approach. The optimization problem aims to reach a black and white 
design, while satisfying stress constraints, where the final optimization problem is solved by the 
MMA (Svanberg 1987). Also, the design variable filtering (Bruns & Tortorelli 2001) is used rather 
than sensitivity filtering, which is used in compliance-based approaches. The optimization problem 
formulation reads: 
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where ρ is the vector of filtered elements densities and x is the vector of design variables. The filtered 
densities can be defined as follows: 
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where xj  denotes the design variables and wj  is weight factor which reads: 
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where r0 is the filter radius and the distance between the design variables e and j is denoted by rj . Ωe is 
the set of design variables which are in a circle with the radius of r0. The static equilibrium must be 
satisfied at each iteration of the optimization problem, which reads:  
FuK =))(())(( xx   (2-4) 
where K is the global stiffness matrix and u and F are the vectors of displacement and applied load 
respectively. In the density-based optimization approach (SIMP) the penalization method applies to 
the global stiffness matrix to penalize the intermediate design variables stiffness which can be defined 
as follows: 
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the penalization function which is denoted by ηK (ρe(x)) reads: 
q
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where q is a penalization factor and should be defined larger than 1 (q >1) and as explained in 
Holmberg et al. (2013), it has been proven by several authors that setting q=3 works well. Hence, by 
calculating the global stiffness matrix and applying the finite element analysis (FEA), one can 
calculate the displacement vectors of the elements and the stress vectors accordingly. As mentioned 
earlier, applying the obtained stress of the elements directly in the optimization problem is not 
possible and some difficulties will arise. In the next section, we discuss the strategies to tackle these 
difficulties and how to apply the stress constraint in topology optimization procedure.      
2.1.1.1 Fundamental difficulties  
There are three significant challenges that need to be overcome for effectively solving stress-based 
optimization problems (Bendsøe, MP 2004). The first is related to the so-called “singularity” 
phenomenon (Cheng, G. & Guo 1997; Cheng, Gengdong & Jiang 1992; Rozvany 2001). The second 
is related to the local nature of the constraint, and the third is related to the highly non-linear stress 
behavior. The “singularity” problem was first encountered when designing trusses subject to stress 
constraints where the n-dimensional feasible design space contains degenerate subspaces of 
dimension less than n (Cheng, Gengdong & Jiang 1992; Kirsch 1990). In the discrete density 
approaches like the BESO approach, two phases, typically representing void and solid materials, are 
used and no singularity problem occurs because the stress constraint is only applied to the solid phase. 
The final design is also free from the intermediate design variable values between solid and void, that 
is remained for the continuous density formulation. 
To overcome the singularity phenomenon, the relaxation technique was used to reach accessible 
design in topology optimization. This means that in the topology optimization problem the original 
constraint will be changed to the smooth approximation by using the relaxation methods. There are 
different relaxation approaches, e.g. ε-relaxation (Cheng, G. & Guo 1997) and qp-approach (Bruggi 
2008). Recently ‘relaxed stress’ (Le et al. 2010) or ‘penalized stress’ (Holmberg, Torstenfelt & 
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Klarbring 2013) has been used extensively in stress-constrained topology optimization problems with  
the continuous density approach to overcome the singularity problem.  
In the ‘penalized stress’ approach, the relaxed stress vector of elements will be used rather than the 
real stress vector of the elements. The real stress vector of the elements reads: 
)()ˆ x(x uDBσ =  (2-7) 
where D and B are the constitutive and stress displacement matrixes of the elements respectively. The 
penalizes stress reads: 
)ˆ))(() (xx(x es σσ =  (2-8) 
where the filtered design variable is denoted by ρe(x) and the stress penalization factor ηs(ρe(x)) is 
defined for increasing the stress value of the intermediate densities and can be defined as follows see 
e.g. (Holmberg, Torstenfelt & Klarbring 2013; Jeong, Choi & Yoon 2014; Jeong et al. 2012): 
2
1
))(())(( xx ees  =  
(2-9) 
As explained in (Holmberg, Torstenfelt & Klarbring 2013) the stress penalization that is defined in 
Equation (2-8) is the penalization in (Bruggi 2008), but with a specific exponent which is suggested in 
(Le et al. 2010). Comparing the stress which is obtained by penalization (2-8) with stress calculation 
by (Duysinx & Bendsøe 1998), the penalized stress is non-physical for intermediate density values.  
The second difficulty of stress-based topology optimization is due to the local nature of the stress 
constraint, which means that a large number of failure criteria should be defined for every element in 
a sub-optimization problem, which is difficult for a gradient-based optimizer to solve efficiently. To 
remedy this situation some different aggregation methods have been introduced which aggregate 
many local constraints into one global function, for example p-norm (Duysinx & Sigmund 1998; Le et 
al. 2010), p-mean (Duysinx & Sigmund 1998), KS-function (Kreisselmeier & Steinhauser 1979; Yang 
& Chen 1996) and lower bound KS-function (Luo & Kang 2012; Paris et al. 2009). All the mentioned 
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aggregations functions are based on the aggregation parameters P>0 which converge to the maximum 
local constraint value: 
),,.........,,max();,,.........,,(lim 321321 NN
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where the maximum local constraint is approximated by the aggregation function of Ψ which is scalar. 
Next, we discuss the p-norm and p-mean aggregation function and the strategies to enhance their 
performance. For more discussion on other aggregation methods such as KS-function and lower 
bound KS-function we refer to (Kreisselmeier & Steinhauser 1979; Luo & Kang 2012; Paris et al. 
2009; Yang & Chen 1996).   
The p-norm function (Duysinx & Sigmund 1998; Le et al. 2010) can be defined as follows: 
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where the P-mean function (Duysinx & Sigmund 1998) reads: 
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  The lower and upper boundary of the maximum local constraint can be defined as p-mean and p-
norm respectively (Duysinx & Sigmund 1998): 
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 According to (Le et al. 2010), both p-norm and p-mean functions can be used effectively to aggregate 
the local functions into a global function but the stress function must be positive such as von Mises 
stress.  In addition (Holmberg, Torstenfelt & Klarbring 2013) investigated that using the 1/N term 
which changes the p-norm function to p-mean, works as a ‘built-in’ scaling of the limit value and has  
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a positive effect on the convergence. It also avoids troubles in the first iterations of the optimization 
where we have high stresses value in some points.  
When all the local functions have the same values, the p-mean function will have the value of the 
maximum local function. By increasing the p value, we will reach the maximum local function value. 
However, the nonlinearity of the problem will be increased by choosing the higher value of the p, due 
to the discontinuity of the local functions intersection point, which approximates by aggregation 
functions. In many pieces of research, limited values of p are used to avoid the high nonlinearity 
problem, for example, pϵ [3, 12]. Hence the aggregation functions such as p-mean and p-norm cannot 
calculate the maximum local stress constraint accurately. In the case of the p-norm method, since the 
maximum local constraint is less than the p-norm constraint, the optimal design is conservative. 
However, in the case of the p-mean approach, the maximum stress of the optimal design is higher than 
the allowable stress limit, since the P-mean constraint value is less than the maximum local constraint 
value.  
Since the numbers of the local constraints are very large in stress-constrained topology optimization, 
the aggregation approaches overestimate or underestimate the maximum local stress constraint. To 
remedy this problem, some solutions have been proposed for the accurate aggregation function 
approximation. One solution is dividing the design domain into m sub-domains where the aggregation 
function will assemble the local constraints of each sub-domain into separate function (m functions) 
rather than assembling all the local constraints into one global function (París et al. 2010a). Increasing 
the number of sub-domains better approximates the maximum local constraint but leads to increase in 
the number of the constraint in the topology optimization problem and increase the computational cost 
accordingly. Different approaches for subdividing the design domain have been introduced. The 
subdividing approach first introduced by París et al. (2010a) where the design domain divided into 
‘blocks’, which were the neighboring elements region. Another strategy was proposed by Le et al. 
(2010) in which the element was sorted based on their stress level at each iteration as follows: 
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 where the number of m must not be too large because of the computational cost, for example, mϵ [1, 
16]. As explained in (Le et al. 2010), considering the regional constraints in the topology optimization 
problem leads to better optimization results, when compared with one global constraint with the same 
function. However, they reported that when the number of sub-regions increases further, the better 
optimal design cannot necessarily be reached. 
Recently, (Holmberg, Torstenfelt & Klarbring 2013) proposed the so-called ‘stress level techniques’, 
in which the dividing order is based on the stress level of the elements, where the elements with 
similar stress value were in the same sub-region. The sub-domain dividing reads as: 
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where nc is the number of sub-regions and ne is the number of elements. As explained in (Holmberg, 
Torstenfelt & Klarbring 2013), by considering the ‘stress level techniques’ in topology optimization 
problems, the better optimal design can be obtained while comparing it with the regional constraint 
approach which has been used by Le et al. (2010). However, this comparison was not quantitative and 
was based on the visual comparison of the plots of the stress field.    
Considering the sub-domain strategies lead to a better approximation of the maximum local 
constraint, which is close to the real maximum local stress constraint, but it does not have the same 
value. To overcome this difficulty, Le et al. (2010) proposed the normalization approach, in which the 
aggregated constraints were normalized as follows: 
PNcmax  (2-17) 
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where c is the normalization factor and can be defined as follows: 
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where the maximum local stress at previous iteration denoted by σ 
I-1
max and the oscillations of the c 
can be controlled by factor α, which should have a value between 0 and 1, while c oscillates, 
otherwise it should be set to 1. Since the normalization factor is not differentiable, it causes 
inconsistency, which results in different optimization problem at each iteration. As explained in (Le et 
al. 2010) any convergence issues will happen and the final optimization problem will converge.  
 The last issue with the stress constraint is its highly nonlinear dependence on the design. According 
to (Jeong et al. 2012), a highly non-linear stress constraint is often observed when relaxation 
techniques are employed to cope with the singularity issue. As a result, the convergence problems 
may occur for the optimization problem. To remedy this issue and avoid non-convergence cases the 
algorithm should be robust, and the optimization solution should be consistent numerically. 
Consequently, the aforementioned challenges clearly highlight the complexity of obtaining a global 
optimum through stress-based topology optimization. After addressing these challenges, the next 
section discusses the recent research by Xia et al. (2018) in which they investigated the stress 
optimization problem using the BESO method. 
2.1.2 Stress-based topology optimization using the BESO method 
As mentioned earlier, stress constraint has rarely been used in terms of the BESO method. Recently, 
Xia et al. (2018) investigated the stress optimization problem using the BESO method, since BESO 
enables a solid/void optimized topology. The optimization problem has been formulated to minimize 
the p-norm stress (Duysinx & Sigmund 1998; Le et al. 2010) while satisfying the volume constraint 
which reads: 
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where K, U, and F are the global stiffness matrix, displacement matrix and external load respectively 
and V(x) and Vreq are the total and prescribed volume. The p-norm stress approximation (σPN) was 
performed to estimate the maximum stress value, where the local von Mises stresses of the elements 
have been assembled in one global function as follows: 
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Since the BESO method (Huang, X & Xie, YM 2007, 2010)  is a gradient-based topology 
optimization, the optimization problem should be solved by deriving the objective function over 
design variables, and then the sensitivity numbers of the elements can be calculated based on the 
sensitivity analysis. The BESO method and its procedure will be discussed completely later in 
Chapter 4. To avoid the checkerboard patterns and mesh-dependency, the sensitivity filtering (Huang, 
X & Xie, YM 2007, 2010) was used by Xia et al. (2018) to filter the sensitivity numbers of the 
elements, rather than design variable filtering, which is used in the continuous density approaches 
(SIMP). In addition, they have also used an additional filtering approach on design variables to 
overcome the nonlinearity of stress behaviour as follows: 
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where wij
den is the linear weight factor and can be defined as: 
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where the sensitivity filter radius and element length are denoted by rsen and he respectively. Therefore 
Xia et al. (2018) used both sensitivity and design variables filtering scheme to solve the optimization 
problem. Also, to improve the convergence, they used the average of the current sensitivity numbers 
with the historical information of the last two iterations as follows: 
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where αi is the sensitivity numbers of the element i.  
Due to the complexity of the stress-based topology optimization problems, Xia et al. (2018) simplified 
the sensitivity analysis and overly damped the sensitivity numbers, in order to make the BESO 
procedure stable. However, in our research, the stress-based topology optimization problem is 
formulated the same as the problem formulation, which was done by Xia et al. (2018), however, we 
have considered the full stress vectors of the material in the sensitivity analysis rather than simplifying 
the sensitivity analysis. Then, the current BESO method will be extended to find a design without 
large stress concentration and with local stress close to the stress limit. We will later discuss our 
proposed method in Chapter 5 where we have solved different stress-based optimization problems 
including the problem formulation which has been solved by Xia et al. (2018).  
In the next section, the fatigue constraint topology optimization has been reviewed where we discuss 
different approaches and strategies for applying the fatigue constraints in topology optimization along 
with their limitations and drawbacks. 
2.2 Fatigue-constrained topology optimization for continuum structures 
2.2.1  Overview of various methods and applications    
In recent years, the fatigue-based optimization was addressed in various ways. The shape optimization 
with fatigue consideration was studied by (Grunwald & Schnack 1998; Kaya, Karen & Öztürk 2010; 
Mrzyglod & Zielinski 2007). For topology optimization, Sherif et al. (2010) explored the dynamic 
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fatigue load, using the equivalent static loads (Kim & Park 2010; Park & Kang 2003). In the next 
section, we introduce the most recent progress for the fatigue constrained topology optimization and 
review their methodology and their limitations. 
Holmberg et al. (2014) investigated the fatigue-based topology optimization, in which the fatigue 
analysis and topology optimization were conducted in two separate steps. The maximum principal 
stress, representing the allowable cumulative damage, was calculated for a specific number of cycles, 
and then it was used as a fatigue constraint in the topology optimization problem. It indicated that the 
fatigue constraint was equivalent to the maximum principal stress constraint, where the problem was 
formulated to minimize the weight of the structure while fulfilling the fatigue and static stress 
constraints. The problem formulation reads: 
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where the numbers of fatigue and static stress constraints have been denoted by nfc and nsc. The 
fatigue failure measurement of the elements was defined by using the p-norm function as follows:  
p
a
p
a
j
f
j
j
x
N
x
1
1 ))((
1
)(








= 

  (2-25) 
where the highest tensile principal stress of point a and the set of fatigue evaluation point which 
belongs to the clusters j has been denoted by σ1aand Ωj. respectively. The critical fatigue stress in 
Equation (2-24) was calculated based on high-cycle fatigue analysis, by solving a problem in which 
the objective function was to maximize the critical fatigue stress, while fulfilling the cumulative 
fatigue damage constraint as follows:  
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where nl and Nl  are the number of load cycles and the number of cycles to failure respectively.  For 
solving the optimization problem in Equation (2-24), the continuous density approach (SIMP) was 
used along with the MMA (Svanberg 1987) as an optimizer. Also, to avoid the checkerboard solution, 
the design variable filtering approach (Bruns & Tortorelli 2001) was used rather than the sensitivity 
filtering, and the sensitivity analysis of the fatigue constraints was based on the maximum tensile 
principal stress. For calculation of the regional fatigue constraints, the ‘stress level techniques’ 
(Holmberg, Torstenfelt & Klarbring 2013) has been used in which the clusters have been defined 
based on the stress values of the elements. As discussed in (Holmberg, Torstenfelt & Klarbring 2014) 
the final optimal design is free from the large stress concentration, but the local fatigue and stress 
values can be above the constraints values due to applying the regional constraints approach. Hence, 
(Holmberg, Torstenfelt & Klarbring 2014) proposed a method in which the fatigue analysis is separate 
from the topology optimization problem, and the fatigue constraint can be used as stress constraint in 
the topology optimization problem. We also have applied this methodology as used in (Holmberg, 
Torstenfelt & Klarbring 2014), but by considering the BESO method rather than the SIMP method, 
which is discussed in Chapter 5.  
In (Jeong, Choi & Yoon 2015), the fatigue-based topology optimization was investigated with the 
constant-proportional loading condition. The fatigue failure criteria were calculated based on the 
stress-life method, by using dynamic and static analysis to overcome the non-differentiability of the 
fatigue constraint, based on the Modified Goodman, Soderberg, and Gerber theories, where the signed 
von Mises mean stress was calculated by static analysis and harmonic analysis was used to calculate 
the von Mises alternating stress. The topology optimization problem was formulated to minimize the 
volume of the structure subject to the fatigue constraints. Also, additional static stress constraint was 
applied to avoid static failures. The optimization problem is as follows: 
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where f2,e , f3,e are the static stress constraints which can be defined based on the yield stress of the 
material (σy) to avoid static failures, and f1,e is the fatigue constraint which is the maximum fatigue 
criteria among the Gerber, Soderberg and Modified Goodman criteria as follows: 
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where σTS and σy represent the tensile and yield stress. Alternating and mean stresses are denoted by σa 
and σm respectively, and σse is the stress amplitude with no mean stress in the case of the fully reversed 
loading condition. For more details regarding the Goodman, Gerber and Soderberg theory we refer to 
(Aliabadi 1992; Lee, Barkey & Kang 2012; Suresh 1998).    
 The normalized p-norm approach was applied to assemble the local constraints in one function as 
follows: 
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where ci
iteration
 is the normalization factor (Le et al. 2010) and can be defined as:  
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Since the fatigue failure criteria are non-differentiable with respect to the design variables and stress 
components, Jeong et al. (2015) proposed their own differentiable fatigue and static failure criteria, by 
using the differentiable signed von Mises criterion. To approximate the local constraint better, Jeong 
et al. (2015) used the same approach of the regional constraint, which is used in (Le et al. 2010).  
Finally, the dynamic optimization problem with fatigue constraint, is solved based on the continuous 
density approach (SIMP) by using the MMA (Svanberg 1987) as a solver where different values of 
the p factor in p-norm function led to different optimal layouts. Therefore, comparing with 
(Holmberg, Torstenfelt & Klarbring 2014), (Jeong, Choi & Yoon 2015) were able to apply the fatigue 
constraints directly in topology optimization problems and develop a new dynamic fatigue-base 
topology optimization, based on the SIMP method.         
Collet et al. (2017) proposed a fatigue constraint topology optimization, in which the modified 
Goodman method was used, along with the Sine method to calculate failure criteria. The problem was 
defined as minimizing the weight of the structure with a set of local stress constraints to represent the 
fatigue resistibility of the optimal design. The equivalent static analysis has been used to calculate the 
alternating and mean stress of the elements and then compared with the modified Goodman diagram. 
As explained in (Collet, Bruggi & Duysinx 2017) to avoid fatigue failure the mean and alternating 
stress of all the elements must be in the safe region of the Goodman diagram. According to (Collet, 
Bruggi & Duysinx 2017) the safe region of the Goodman diagram can be defined as follows:   
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where Sut, Sy and Syc represent the tensile stress, yielding stress in tension and yielding stress in 
comparison respectively. The endurance limit of the elements denoted by Se, and σm and σa are the 
equivalent mean and alternating stress of the elements. The optimization problem reads:  
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The density filtering approach (Bruns & Tortorelli 2001) was used to avoid the checkerboard pattern 
for the optimal design. As with (Holmberg, Torstenfelt & Klarbring 2014; Jeong, Choi & Yoon 2015), 
the optimization problem was solved based on the continuous density approach (SIMP) by 
considering the MMA (Svanberg 1987) as an optimization solver. The relaxation method (Le et al. 
2010) was used to overcome the so-called ‘singularity’ phenomenon of fatigue constraints. Collet et 
al. (2017) investigated a fatigue-based topology optimization method, in which they applied the 
fatigue constraint directly in the topology optimization process but again the fatigue constrained 
topology optimization has been considered in terms of continuous density (SIMP) rather than the 
discrete density approach. We have also used the same equivalent static analysis (Collet, Bruggi & 
Duysinx 2017) for our fatigue-based proposed method which has been discussed in Chapter 6. 
 Recently, Oest and Lund (Oest & Lund 2017) applied a method by considering the fatigue life of the 
elements in topology optimization.  The quasi-static analysis was used for the finite element analysis 
and the fatigue failure criteria were determined using the traditional rain-flow counting. The 
optimization problem was then formulated to minimize the mass while enduring the accumulated 
damage under the proportional loading condition and reads: 
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 where gD  is the p-norm function of the fatigue constraint that can be defined as: 
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and De is the accumulated damage in element e which is caused by each load cycle i as follows: 
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For solving the optimization problem Oest and Lund (Oest & Lund 2017) applied the MMA solver 
along with the SIMP method where the density filtering approach was used to overcome the checker-
board pattern. In conclusion Oest and Lund (Oest & Lund 2017) proposed a new gradient-based 
method which considers the finite-life fatigue constraint directly in the topology optimization. The 
high-cycle fatigue analysis, along with the rain-follow counting, was used to calculate the 
accumulated damage of elements in the design process.   
As stated earlier, all the fatigue-based topology optimization methods were based on continuous 
densities of elements with MMA, and fatigue constraint has never been used in discrete densities 
topology optimization problems e.g. BESO method. Hence, in this research, we have applied the 
fatigue constraint directly in topology optimization problem where the sensitivity filtering has been 
applied, rather than design variable filtering approach, as used in the continuous density method 
(SIMP). The proposed BESO method is explained and discussed in Chapter 7 where different 
numerical examples are available to show the validity of the proposed method. In Chapter 3 we 
review the original BESO method where we discuss each step of the BESO procedure in detail. 
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Chapter 3  
 
Bi-directional evolutionary topology optimization methods 
3.1 The BESO method 
Bi-directional evolutionary structural optimization (BESO) was first introduced by Yang et al. (1999) 
for compliance optimization. In their study, the solid element with the lowest sensitivity number 
changed to void elements, and the void elements with the highest sensitivity number changed to solid. 
In addition, the sensitivity numbers of the void elements were calculated after finite element analysis 
by using the linear displacement filed extrapolation. Later Querin et al. (2000) applied the von Mises 
stress criterion in the BESO algorithm, in which the void elements were the elements with the lowest 
von Mises stress, and the void elements with the stress near to the highest stress changed to solids. 
The early versions of the BESO method, which ranked the elements separately, for addition and 
removal purposes were illogical and cumbersome. In addition, due to the large number of iterations, 
their computational efficiency was low and in some case the convergence history was disordered. 
Huang and Xie (Huang, X & Xie, Y 2007) proposed a new BESO method for stiffness optimization in 
which they addressed many issues of the topology optimization method and also resolved the 
problems of the early BESO versions. In this study, we developed the BESO (Huang & Xie, 2007) for 
stress and fatigue optimization. Hence, we review the original BESO method (Huang, X & Xie, Y 
2007) in this chapter, and in the next chapters we will extend the BESO method for stress and fatigue 
optimization.   
3.1.1 Optimization problem  
 
In the BESO method, (Huang, X & Xie, Y 2007), the aim is to minimize the compliance while 
satisfying a volume constraint. This means that we seek the stiffest structure with the prescribed 
volume and problem formulation which reads: 
Chapter 3   23 














==
==
=
=
     
,.....,110
 )(:
2
1
:
subject to
Minimize
 
nel , i or x
VvxxV
C
i
reqii
T
FKU
uf
 (3-1) 
 where u and f are the displacement and applied load vectors respectively, and C is the mean 
compliance which has an inverse relation with structure stiffness. This means by minimizing the 
compliance, the stiffness of the structure will be maximized. Vreq is the prescribed volume which uses 
a constraint in the original BESO method, and xi is the binary design variables for each element in the 
design space, where 0 represents the void elements and the solid elements are denoted by 1. The 
application of xi =0 for the void elements leads to inaccurate design due to missing the void elements 
design information, therefore Huang and Xie (Huang, X & Xie, Y 2007), used xmin which is a  small 
value (e.g. 0.001)rather than 0 for void elements. This means that instead of removing the void 
elements completely from the design domain, they will be replaced by a soft material. Then the 
necessary information for sensitivity analysis can be calculated from the finite element analysis. The 
BESO method is a gradient-based optimization method in which the sensitivity number of the 
elements is calculated, based on the objective function to remove and add the elements to the design 
space simultaneously, while satisfying the volume constraint. The sensitivity number can be 
calculated based on the sensitivity analysis by deriving the objective function over design variables. In 
the next section, the details of the BESO sensitivity analysis and the sensitivity numbers are reviewed 
for the compliance-based BESO. 
3.1.2 Sensitivity analysis 
As mentioned earlier, the BESO method is a gradient-based optimization method and the sensitivity 
numbers can be calculated by deriving the objective function, which is compliance in the original 
BESO method over changing the design variables. This means that the variation of the objective 
function will be calculated based on the variation of the design variables, which is due to adding and 
removing elements from the design domain.  The general form of the sensitivity numbers reads 
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where αi is the sensitivity of the elements and α’i denotes the sensitivity number of the elements in the 
design domain. As explained in (Huang, X & Xie, Y 2007), The sensitivity number of the 
compliance-based BESO method can be calculated as follows: 
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where U and K are the displacement and the general stiffness matrix of the structure respectively. In 
the BESO procedure, the removal and addition of the material into the design domain is based on the 
relative ranking of the sensitivity numbers. For calculating the sensitivity number of the void elements 
Huang and Xie (Huang, X & Xie, Y 2007) proposed a new filter scheme which also helps the 
smoothness of the sensitivity number of all the elements in the design domain. Additionally, it 
overcomes the “mesh-dependency” and the “checkerboard patterns” problems.   
3.1.3 BESO filter scheme 
As mentioned earlier, the filter scheme was proposed by Hunag and Xie (Huang, X & Xie, Y 2007) 
will improve the sensitivity numbers and also overcome the checkerboard pattern and mesh-
dependency problems. The so-called “mesh-dependency problem” arises from the obtained different 
optimal design, while having different mesh sizes for design domain. The heuristic filter scheme 
(Huang, X & Xie, Y 2007) was used to improve the sensitivity number and overcome the mesh 
related problems. Therefore, the same optimal design should be obtained, when different mesh sizes 
have been used for topology optimization problem. The improved sensitivity number reads: 
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where rij denotes the distance between the center of the element i and element j. w(rij) is the weight 
factor given as 
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where rmin is the filter radius. As mentioned in (Huang, X & Xie, Y 2007) the value of rmin which does 
not change when the finer mesh is used, should be large enough to cover more than one element in the 
sub-domain of Ωi.(Ωi ϵ Ω). Subsequently the size of the sub-domain Ωi. which is shown in Fig. 3-1 
does not change by changing the mesh size. Hence the improved sensitivity number can be calculated 
by the contribution of the nodes which are located inside the sub-domain Ωi. by using the filter 
scheme. 
 
Fig.  3-1. Sub-domain Ωi., which using for filter scheme (Huang, X & Xie, Y 2007) 
 
3.1.4 Stabilization of the solution 
The BESO algorithm has difficulty with convergence if the original sensitivity numbers are used. This 
problem arises since the sensitivity numbers calculations are based on the absence and presence of the 
elements, which makes the topology difficult to be converged. To remedy this problem Huang and 
Xie (Huang, X & Xie, Y 2007) proposed the averaging scheme, in which the elemental sensitivity 
number can be further modified, by averaging its historical information to improve the convergence of 
the solution. That is, the sensitivity number after the first iteration is calculated by 
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where αi,k and αi,k-1  are the sensitivity numbers of the current and previous iteration respectively. Thus 
the modified sensitivity number considers the sensitivity information in the previous iterations and it 
will be used as a new modified sensitivity number for the next iteration. 
3.1.5 Element addition/removal scheme and convergence criterion 
The BESO approach is based on the relative ranking of the sensitivity numbers which allows the void 
and solid elements to be added and removed from the design domain simultaneously. The material is 
removed from the design domain gradually and step by step by comparing the target volume of the 
next iteration (Vk+1) with the volume constraint V* where the target volume for the next iteration can 
be obtained as follows: 
,......3,2,1)1(1 ==+ kERVV kk  (3-7) 
where the evolutionary ratio is denoted by ER. The volume for the next iteration will be set to the 
volume constraint V * for the rest of iterations while the volume constraint satisfies as follows: 

+ =VVk 1  (3-8) 
As explained in (Huang, X & Xie, Y 2007), for solid elements, the elemental density is switched from 
1 to xmin if the following criterion is satisfied. 
thi    (3-9) 
and for void elements, the elemental density is switched from xmin to 1 if the following criterion is 
satisfied 
thi    (3-10) 
where αth is the threshold of the sensitivity number, which is determined by the target material volume 
Vk+1 and the relative ranking of the sensitivity numbers. The calculation of the threshold of the 
sensitivity number (αth) is very simple in the BESO procedure. For example, the design domain 
includes 2000 elements and the sensitivity numbers sort such that α1> α2> α3>……… > α2000, if for 
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calculating the Vk+1, 1200 elements should be in the design domain, therefore, αth = α1200. Using the 
mentioned threshold for adding and removing the elements from design domain, might lead to the 
addition or removal of a large number of materials from the design domain in a single iteration and 
cause the structure to lose its integrity. To remedy this situation and guarantee the gradual evolution 
process, Huang and Xie (Huang, X & Xie, Y 2007) used the “maximum volume addition ratio” 
(ARmax) which is normally greater than 1%. In the BESO method, the gradual material removal will be 
stopped, while the algorithm reaches the objective volume (V *) and the whole optimization process 
will end if the following convergence criterion is satisfied:   
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where k and C are the number of the current iteration and objective function respectively, and 
tolerance is the prescribed tolerance which is defined for convergence. The speed of the convergence 
depends on N  which is the integer number and normally has the value of 5 (Huang, X & Xie, Y 2007) 
which means the small violation of the mean compliance is acceptable over the last 10 iterations.   
3.2 The general overview of the BESO procedure  
The evolutionary iteration procedure can be outlined as follows:  
Step 1: Discretize the whole design domain using a finite element mesh. 
Step 2: Define the BESO parameters such as objective volume, V*, evolutionary ratio ER.  
Step 3: Carry out finite element analysis (FEA) for calculating the sensitivity numbers.  
Step 4: Determine the target volume for the next design. When the current volume Vk is larger than the 
objective volume V*, the target volume for the next design can be calculated by Equation (3-7). 
Step 5: Filter sensitivity numbers in the whole design domain to obtain the improved sensitivity 
numbers by Equation (3-4) and average the obtained sensitivity number by its previous iterations 
history by Equation (3-6). 
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Step 6: Reset the design variables of all elements by switching the solid elements to voids and vice 
versa based on Equations (3-9 and 3-10). 
Step 7: Repeat 3–6 until the solution is convergent.  
 
Fig.  3-2. Flowchart of the BESO procedure 
 
The BESO procedure can be depicted in a flowchart as in Fig. 3-2. 
3.3 BESO with an additional constraint 
For adding a local constraint to the original BESO problem, Huang and Xie (Huang, X & Xie, Y 
2010a) introduced the Lagrangian multiplier (λ). They added a local displacement constraint to their 
original BESO problem, in which they sought the stiffest structure while satisfying the volume and 
displacement constraints simultaneously.  The optimization problem with additional displacement 
constraint is as follows: 
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The modified objective function, considering the local displacement constraints reads: 
)()(1
−+= jj uuCxf   (3-13) 
where 0 ≤ λ ≤ 1. The modified objective function could have the same value as the original one, when 
the displacement value and the constraint value are equal. If uj < uj
* the displacement constraint is 
satisfied and λ should set to 0 (λ=0). Hence the Lagrangian multiplier will act as a compromise 
between the local displacement constraint and the objective function. Since it has an effective role in 
calculating the sensitivity numbers it should be defined prior to the calculation of the sensitivity 
numbers. 
3.3.1 Calculation of the Lagrangian multiplier 
As explained in (Huang, X & Xie, Y 2010a) the calculation of the Lagrangian multiplier is based on 
the volume and additional constraint (displacement). This means the proper value of the Lagrangian 
multiplier (λ) can be calculated while both constraints are satisfied. λ can be defined as follows:  
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where ωmin ≤ ω ≤ 1 and ωmin can have the small value e.g. 10-10. The procedure of calculating the 
appropriate value for λ is as follows: 
Step 1: The first lower bound value of ω is set to ωlower = ωmin and the upper bound value is set to be 
ωupper = 1. 
Step 2:  Start the program and calculate the sensitivity numbers based on the modified objective 
function (Equation (3-13)) and calculate the displacement for the next iteration (uj
k+1) as follows: 
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Step 3: If the estimated displacement of the next iteration (uj
k+1) is larger than its constraint value (uj
* ) 
then ω should be updated with a smaller value as follows:   
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and ωupper should be set to ω at the same time. If uj
k+1
 is less than the displacement constraint value, 
then ω should be updated with a larger value as follows:   
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and at the same time, ωlower should be updated to ω. 
Step 4: The above steps should be repeated until the difference between the upper and lower bounds 
of ω is less than10-5 (Huang, X & Xie, Y 2010a). 
By using a Lagrangian multiplier, one can add an additional constraint to the topology optimization 
problem. Hence, if different constraints are added to the optimization problem, different Lagrangian 
multipliers must be applied rather than one, and the algorithm should be enhanced to have efficient 
computational cost. According to (Huang, X & Xie, Y 2010a) the computational cost for calculating 
the Lagrangian multiplier, while having one additional constraint is negligible because the calculation 
just updates the ranking of the sensitivity numbers based on the modified objective function (Equation 
(3-13)). In Chapter 4, we introduce our proposed stress-based BESO approach in which we have 
extended the BESO method by using the stress constraint to develop a stress-based BESO method. 
 
  31 
Chapter 4  
 
Bi-directional evolutionary topology optimization method based on stress  
Stress-based topology optimization has been done by many authors during past decades but as stated 
earlier, the majority of the approaches are based on the SIMP method which is a continuous density 
approach. There was no report on considering stress constraint in term of the BESO methods, which is 
a discrete density and binary approach until recently when Xia et al. (2018) investigated the stress-
based optimization problem in terms of BESO method. As explained in Chapter 2, Xia et al. (2018) 
simplified the sensitivity analysis and damped the sensitivity number for making the BESO procedure 
stable, meaning that they did not use the full stress vector in the sensitivity analysis. In this study, we 
have proposed a stress-based BESO method in which the sensitivity analysis has not been simplified, 
and the stress vectors of the material have been fully considered in the sensitivity analysis. Hence the 
BESO method has been used to find an optimal design without stress concentration where the stresses 
of the elements are close to the stress limit. As discussed later in this chapter, our proposed stress-
based BESO method was able to reduce the maximum stress and consequently the stress 
concentration more than the method which was introduced by Xia et al. (2018) while compared with 
the original compliance-based BESO method.     
4.1 Optimization problems formulation  
In this chapter, three different optimization problems have been solved by considering the stress 
constraint in the BESO procedure. The first optimization problem which is called P1stress is regarding 
the minimization of the compliance while satisfying volume and stress constraints. The problem is 
equal to the original BESO with an additional stress constraint as follows:  
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 The second problem is called P2stress and deals with the minimization of the stress subject to the 
volume constraint as follows: 
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The third and last topology optimization problem which is called P3stress is regarding the minimization 
of the structure volume while satisfying the stress constraint and reads: 
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In all the above optimization problems (P1stress – P3stress), V 
*, Vi and xi are the volume constraint, 
individual elements volume, and binary design variables respectively. The stress constraint is denoted 
by σ*, and σG
PN is the global modified p-norm stress function which is based on the von Mises stresses 
of the elements and is discussed in the next section. To show the validity of our proposed method the 
above optimization problems have been solved for different numerical examples and are illustrated in 
the next sections. For showing the effectiveness of the proposed approach in reducing the stress 
concentration, the obtained results are compared with the original compliance–based BESO method 
(Huang, X & Xie, Y 2007) which is called Pcompliance  in this chapter and was introduced earlier in 
Chapter 3 (Equation (3-1)).  
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4.2 Local stresses aggregation method  
Since the BESO method is a discrete density approach in which two phases representing void and 
solid materials are used and the final design is also free from intermediate material, no “singularity” 
problem occurs because the stress constraint is only applied to the solid phase. Regarding the local 
nature of the constraints in the stress-based topology optimization problems, the BESO cannot be 
exempted from this phenomenon like the continuous density approaches e.g. SIMP. To remedy this 
problem, the global approach of the local stress aggregation has been used, by adopting the p-norm 
aggregation function used by many authors see e.g.(Holmberg, Torstenfelt & Klarbring 2013; Jeong, 
Choi & Yoon 2014; Jeong et al. 2012; Le et al. 2010; Xia et al. 2018). 
4.2.1 p-norm approach  
To overcome the local nature of stress constraint and consequently decrease the computational cost 
for solving the optimization problems in this chapter, the modified p-norm function has been used to 
assemble the von Mises stresses of the elements, which are evaluated at the center of the elements in 
one global function. The p-norm stress is defined as:  
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where the number of the stress evaluation points is denoted by Ni and σi
vm
 is the von Mises stress of 
the elements, which reads: 
5.0222 )3( ixyiyiyixix
vm
iσ  ++−=  (4-5) 
The p-norm factor is denoted by p which should be infinite in principle, but some authors have 
reported that in practice a value from 3 to 4 works properly see e.g. (Jeong, Choi & Yoon 2014; Jeong 
et al. 2012; Le et al. 2010). According to (Le et al. 2010) many local optimums will occur if the value 
of the p increases and the optimization problem converge to a local optimum with a high maximum 
stress. In this research, our numerical experiences show that choosing a value from 3 to 5 for p-norm 
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factor (p) is acceptable for the proposed stress-based BESO problems. However, by changing the p 
value and selecting the other values, a different optimal design maybe obtained because of the change 
of the objective function. 
4.3 Stress measurement  
In this chapter for solving the stress-based optimization problem, the linear static analysis has been 
used to evaluate the displacement and stress of the elements and other quantities where the finite 
element analysis (FEA) reads: 
FKU =  (4-6) 
where U and K are the displacement and global stiffness matrix respectively and the vector of the 
applied load is denoted by F. Using the four nodes bilinear quadrilateral elements in FEA is simple 
and decreases the computational cost, while having promising results. It has also been used earlier in 
stress-constraint topology optimization e.g. (Jeong, Choi & Yoon 2014; Le et al. 2010) , therefore we 
have also employed it in our FEA. In this research, for solving the optimization problem, the material 
interpolation scheme (SIMP) is also adopted which reads: 
q
ii xExE
0)( =  (4-7) 
where the penalty exponent is denoted by q and is set to 3 unless stated. E0 is Young’s modulus of the 
solid material. To assemble the global stiffness matrix, the interpolation scheme has been used as 
follows: 
0
i
i
q
i  x = KK   (4-8) 
 where the design variables of the element i is denoted by xi and Ki
0 is the elemental stiffness matrix of 
the solid elements. 
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For calculating the von Mises stress of the elements (Equation (4-5)) the stress vectors of the elements 
have been obtained in the centroid of the elements in the FEA as follows: 
},,{ ixyiyixiiii  = =uBDσ  (4-9) 
where Bi, Di, and ui are the strain displacement matrix, constructive matrix and displacement vector 
respectively. By assuming the plane stress problem, the constructive matrix Di can be defined as:  
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Hence, von Mises stress of each element in the design domain can be calculated based on the stress 
and displacement vectors which are calculated from FEA. Consequently, they can be applied to the p-
norm function to reach a global stress constraint.   
4.4 Sensitivity derivation  
In order to solve the proposed stress-based BESO method problems, which were discussed earlier, the 
sensitivity numbers of the elements in the design domain should be calculated based on the derivative 
of the p-norm stress with respect to design variables. Hence the gradient of the p-norm stress 
(Equation (4-4)), calculated by applying the chain rule and can be defined as follows: 
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where the term 
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 Since our topology optimization problems are in the 2D case, the derivative of the von Mises stress 
over the stress vector ( i
vm
i x σ )( ) in Equation (4-11) can be defined as:  
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The term ii xx  )(σ in Equation (4-11), which is the derivative of the stress vector with respect to 
the design variables, can be defined as follows:  
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The term ixx  )(D can be easily calculated from Equation (4-10), but the term ixx  )(u cannot 
easily be derived. For solving Equation (4-14) the adjoint method should be used to calculate the 
derivative of the displacement vectors over the design variables. Hence, when calculating the 
term ixx  )(u , the chain rule can be applied to the global Equation (4-6) as follows:  
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then from Equation (4-15), the term ixx  )(u  can be calculated as:  
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Substituting Equation (4-16) into Equation (4-14) and then Equation (4-14) into Equation (4-11) 
gives: 
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By adopting the global stress constraint measurement (p-norm) the number of the stress constraint is 
less than the number of design variables xi, therefore the adjoint method can be applied for solving the 
Equation (4-17) where the adjoint variable λ is defined as:  
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where λ can be calculated by the adjoint equation as follows: 
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 By inserting λ into Equation (4-17) the final gradient of the p-norm stress reads: 
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As explained earlier, since the p-norm approach has been used to assemble the local stresses of the 
elements in one global function, the derivative of the p-norm stress with respect to the design 
variables xi (Equation (4-20)) should be used for evaluating the sensitivity numbers. Hence Equation 
(4-20) is common in all the stress-based optimization problems of this chapter (P1stress – P3stress). 
However, depending on the objective function of the problems; the calculation of the sensitivity 
numbers might be different in each case, but the sensitivity of the p-norm (Equation (4-20)) plays the 
main role in the evaluation of their sensitivity numbers. In the next sections, we investigate the 
different stress-based topology optimization problems (P1stress – P3stress) along with different 
numerical examples to show the validity and effectiveness of the proposed method. 
4.5 Stiffness optimization with an additional stress constraint  
In this section, the first proposed optimization problem (P1stress) which is shown in Equation (4-1) was 
solved where the compliance has been minimized subject to the volume and stress constraints. This 
means that an additional stress constraint has been added to the original BESO problem. As discussed 
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earlier in Chapter 3, the Lagrangian multiplier is used for adding an extra constraint to the original 
BESO problem and the derivative of the modified objective function will be considered for the 
calculation of the sensitivity numbers. In addition, in order to show the effectiveness of the proposed 
approach, the stress distribution of the element in the original BESO problem (Pcompliance) has been 
compared with the P1stress problem. 
4.5.1 Numerical procedure 
To solve the P1stress problem, the sensitivity numbers of the elements should be defined based on the 
derivative of the objective function. Since an extra stress constraint has been added to the original 
BESO problem, the objective function should be modified as follows: 
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−+= σσCxf PNG  (4-21) 
where C, σG
PN
(max)
 and σ* are the compliance, normalized p-norm stress, and stress constraint 
respectively. The Lagrangian multiplier is denoted by λ which calculates based on the volume and 
stress constraints and is discussed later in the next section. According to the Equation (4-21), when 
the p-norm stress is equal to the stress constraint, the modified objective function will be the same as 
the original BESO objective function. In addition, when σG
PN
(max)< σ
*, the Lagrangian multiplier will 
be set to zero (λ=0), meaning that the stress constraint has already been satisfied. However, the value 
of λ will tend to infinity if σG
PN
(max)> σ
* which means that σG
PN
(max) is minimized to satisfy the stress 
constraint in later iterations. Hence the Lagrangian multiplier will act as a compromise between the 
local stress constraint and the objective function. As it has an effective role in calculating the 
sensitivity numbers it should be defined prior to the calculation of the sensitivity numbers. Thus, the 
sensitivity of the modified objective function is:   
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where the sensitivity number of the elements used in BESO can be expressed by: 
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In the BESO method, the optimal design is obtained by adding and removing the elements from the 
design domain (solid and void elements). Therefore, the sensitivity numbers for solid and void 
elements can be defined as:  
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 where the normalized p-norm stress σG
PN
(max)   has been used to better approximate the maximum 
local stress value, and according to (Le et al. 2010) leads to better designs, when using the lower p-
norm factor (p). The normalized p-norm stress can be defined as follows  
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G
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where I denotes the iteration number and cI can be evaluated according to the following equation 
when I >1. 
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Therefore, the derivative of the normalized p-norm stress in Equation (4-24) can be calculated by 
calculating the derivative of the p-norm stress (Equation (4-17)) and c as above.  
4.5.2 Calculation of the Lagrangian multiplier 
According to (Huang, X & Xie, Y 2010a) the Lagrangian multiplier (λ) can be calculated based on the 
volume and additional constraint which means that the proper value of the λ can be obtained while 
both constraints are satisfied. Hence by considering the stress and volume constraints, λ can be 
defined as follows 
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where ωmin ≤ ω ≤ 1 and ωmin can has the small value e.g. 10-10. The procedure of calculating the 
appropriate value for λ is as follows: 
Step 1: The first upper and lower bound values of ω are set to be ωupper = 1 and ωlower = ωmin 
respectively. 
Step 2:  Calculate the sensitivity numbers of the elements based on the modified objective function 
and estimate the p-norm stress for the next iteration (
1
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Step 3: If 
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 and at the same time, ωupper should be set to ω. If 
+  σσ IPNG
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and at the same time, ωlower should be set to ω. 
Step 4: The above steps should be repeated until the difference between the upper and lower bounds 
of ω is less than10-5 and a proper value of  was obtained. Since the current stress-based BESO only 
needs to update the relative ranking of sensitivity numbers, the cost of Lagrangian multiplier 
calculation is negligible in the proposed method.  
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4.5.3 BESO procedure with an additional stress constraint 
The proposed stress-based BESO method procedure for solving problem P1stress is similar to the 
procedure of the original BESO method, which was discussed in Chapter 3, the difference being that 
the sensitivity numbers of the elements are based on the stress and volume constraints where the 
Lagrangian multiplier is used to add the additional stress constraint to the original BESO problem. In 
addition, the convergence criteria are based on both the volume and stress constraints. In the original 
BESO algorithm, the sensitivity numbers and convergence criterion are calculated based on the 
volume constraint. Since in both the original BESO method and the proposed stress-based approach 
the BESO optimizer is used, the relative ranking of the sensitivity numbers leads to the optimal design 
in both approaches. Hence in the proposed stress-based approach, the sensitivity numbers filtering 
used is the same as the original BESO method (Huang, X & Xie, YM 2010) which discussed in 
Chapter 3. Also, the sensitivity numbers have been modified by averaging their values at their 
previous iteration to improve the convergence of BESO. In the proposed stress-based BESO method, 
the gradual material removal is stopped when the algorithm reaches the objective volume (V *) and the 
whole optimization process will end if the following convergence criteria are satisfied. 
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 where N = 5 is used in this problem. 
The stress-based BESO procedure for solving the optimization problem P1stress can be depicted in a 
flowchart as Fig. 4-1 where the procedure can be outlined as follows:  
Step 1: Discretize the whole design domain using a finite element mesh. 
Chapter 4   42 
Step 2: Define the BESO parameters such as objective volume, V*, stress constraint σ* and 
evolutionary ratio ER. 
Step 3: Carry out finite element analysis (FEA) for calculating the sensitivity numbers which are 
based on stress.  
Step 4: Determine the target volume for the next design according to the volume constraint. 
 Step 5: Update Lagrangian multiplier of the constraints (volume and stress). 
Step 6: Filter sensitivity numbers in the whole design domain to obtain the improved sensitivity 
numbers and average the obtained sensitivity number by its previous iterations history.  
Step 7: Reset the design variables of all elements by switching the solid elements to voids and vice 
versa. 
Step 8: Repeat 3–6 until the solution is convergent.  
 
Fig.  4-1. Flowchart of the BESO procedure with an additional stress constraint 
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4.5.4 Numerical examples 
To show the effectiveness of the proposed stress-based BESO approach, the optimal layouts for the 
2D examples in the plane stress are provided in this section where the P1stress problem has been solved 
and compared with the traditional compliance-based problem Pcompliance. The same loading condition, 
BESO parameters, and volume constraint, have been used in both optimization problems (P1stress& 
Pcompliance) to better compare the final stress distribution of the elements and the compliance of the 
optimal designs. A developed Matlab code has been implemented to solve the optimization problem. 
Since in the numerical examples the point load has been applied to the structure, which will cause an 
irreducible high local stress at the position of the point load (even if the entire domain becomes solid), 
therefore the elements in the neighborhood of the point load are excluded from the design space, 
which means that they are kept as solid elements during the entire optimization process. 
4.5.4.1 L-bracket beam (center load) 
The first example is the benchmark example of the stress constraint topology optimization and has 
been considered by many authors see e.g. (Holmberg, Torstenfelt & Klarbring 2013; Jeong, Choi & 
Yoon 2014; Jeong et al. 2012; Le et al. 2010; Xia et al. 2018). This example is the L-bracket beam 
with a point load on the middle of the right side with a fixed edge as shown in Fig. 4-2.  
 
Fig.  4-2. L-Bracket beam 
The design space consists of 6400 four-node plane stress elements in total, which are of equal size (1 
mm × 1 mm) with a 1 mm thickness. The applied point load has been set to be 500 N in this example, 
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and to avoid stress concentration in the vicinity of the point load, 3 × 2 elements (six elements) around 
the applied point load are excluded from the design space and fixed as solid elements during the 
optimization process. The evolutionary rate (ER) and the filter radius (rmin) are set to be 0.02 and 1.5 
mm respectively. Carbon steel 1018 with Young’s modulus 210,000 MPa and Poisson’s ratio 0.3 has 
been used as the material reference. The optimization problems have been solved for two different 
volume constraints 0.32 and 0.4 where the stress constraint has been set to be 358 MPa, which is the 
material’s yield limit.     
Fig.  4-3.  Optimal layouts for L-bracket (V/V0=0.32) 
The topology optimization results for volume constraint 0.32 is shown in Fig. 4-3 and the 
convergence plots are provided in Fig. 4-4. As it can be seen from the results, the maximum stress has 
been reduced by 35 % compared to the original BESO problem (Pcompliance), however the difference 
between the compliance in both approaches is less than 4.5%. The convergence plots which are shown 
in Fig. 4-3 are based on the convergence criteria defined in Equations (4-31) and (4-32). The 
convergence criterion which is based on the p-norm stress is also depicted for the Pcompliance problem to 
compare the evolution of the stress in both approaches. 
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(a) (b) 
Fig.  4-4. Convergence plots for L-bracket (V/V0=0.32) (a) mean compliance, (b)p-norm stress 
 
The optimized layouts and the convergence plots for the volume constraint 0.4 (V/V0=0.4) is also 
depicted in Figs. 4-5 and 4-6. According to the results, the difference between the mean compliance in 
both approaches is less than 5.5%. However, the maximum von Mises stress has been decreased 
significantly (29%) while compared with the compliance-based method (Pcompliance). The evolution of 
the p-norm stress and the optimization layout of the proposed problem with volume constraint 0.32 is 
shown in Fig. 4-7. 
Fig.  4-5. Optimal layouts for L-bracket (V/V0=0.4) 
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(a) (b) 
Fig.  4-6. Convergence plots for L-bracket (V/V0=0.4) (a) mean compliance, (b)p-norm stress 
 
 
Fig.  4-7. Evolution of optimized layout and p-norm stress for L-bracket (V/V0=0.32) 
 
4.5.4.2 Long-clamped beam 
The second example, which is represented in Fig. 4-8, deals with the optimization of a long clamped 
beam that is clamped on both sides, with a point load applied at the center of the beam where L = 200 
mm and the thickness is 1 mm. The design domain is discretized by 6000, 1×1 mm quadrilateral Q4 
plane stress elements. The sensitivity filter radius (rmin) and the evolutionary ratio (ER) are chosen to 
be 2 mm and 0.02 respectively. A 1000 N point load has been applied in the middle of the beam. As 
explained earlier in this chapter, due to applying the point load, 12 elements (3×4) in the vicinity of 
the applied load are not used as design variables to avoid the high local stress concentrations.  
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Fig.  4-8. Long clamped beam 
 
Solutions for the long clamped beam problem for minimizing compliance are shown in Figs. 4-9 and 
4-11 for different volume constraints 0.33 and 0.42. As mentioned before, in each example we have 
the optimal design of the traditional compliance-based optimization problem (Pcompliance) which has the 
same load and volume constraint as the examples which have been solved in P1sress problems. 
 
 
 
 
 
 
 
Fig.  4-9. Optimal layouts for the long clamped beam (V/V0=0.33) 
  
(a) (b) 
Fig.  4-10. Convergence plots for the long clamped beam (V/V0=0.33) (a) mean compliance, (b) p-norm stress 
P1stress 
 
(V/V0=0.33) 
Optimized layout & von Mises stress plot 
 
σ max = 341.1 [MPa], C = 320.2 [N mm]    
Pcompliance 
  
(V/V0=0.33) 
 
 
σ max = 432.8 [MPa], C = 309.2[N mm]    
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According to the results, the difference between the mean compliance of the P1stress and Pcompliance 
problems is 3%-4% while the maximum stress in the proposed approach (P1stress) has been reduced by 
20%-22% compared with the compliance-based BESO problem (Pcompliance). The convergence plots of 
the problem solution are shown in Figs. 4-10 and 4-12 where the case of the compliance problem 
Pcompliance is also available for comparison. 
 
 
 
 
 
 
 
 
Fig.  4-11. Optimal layouts for the long clamped beam (V/V0=0.42) 
The evolution of the p-norm stress and the optimal design layouts for specific iterations are also 
illustrated in Fig. 4-13 for the volume constraint 0.33(V/V0=0.33). 
  
(a) (b) 
Fig.  4-12. Convergence plots for the long clamped beam (V/V0=0.42) (a) mean compliance, (b) p-norm stress 
P1stress 
 
(V/V0=0.42) 
Optimized layout & von Mises stress plot 
 
 
σ max = 292 [MPa], C = 251.9 [N mm]    
Pcompliance 
  
(V/V0=0.42) 
 
 
σ max = 364.5 [MPa], C = 243.5 [N mm]    
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Fig.  4-13. Evolution of optimized layout and p-norm stress for the long clamped beam (V/V0=0.33) 
It can be seen from the results that optimal designs of the traditional BESO stiffness problem contain 
high-stress concentration, in which the maximum stress is larger than the material stress limit which 
has been set to the yield limit of the materials in this chapter. This means that the optimal design is not 
resistant for the stress failure. However, in the results which were obtained from the proposed method, 
all of the maximum stresses are below the yield limit threshold, while the structure has the highest 
stiffness, and the difference between the proposed method stiffness and which has obtained from the 
original BESO approach is about 3%- 4%. 
4.5.4.3 Cantilever Beam 
A cantilever beam, which is shown in Fig. 4-14, has been considered as the third example in this 
chapter where a 650 N point load is applied at the middle of the right-hand side and the design space 
has meshed into 5000 quadrilateral plane stress elements (1×1 mm). Again to avoid the stress 
concentration, the eight elements (4×2) which are at the neighborhood of the applied load are 
excluded from the design space. The thickness, sensitivity filter radius (rmin) and the evolutionary rate 
(ER) are set to be 1 mm, 2 mm and 0.02 respectively. The numerical results from the optimization 
Chapter 4   50 
problems P1stress and Pcompliance are shown in Figs. 4-15 and 4-17 for different volume constraints 0.25 
and 0.4. 
 As can be seen from the results, the maximum stress has decreased from 31% - 36% compared with 
the traditional compliance-based method, however the compliance value in the case of the proposed 
approach is 1.5%- 4% higher than the compliance values which were obtained from the P1stress due to 
the applied stress constraint and consequently the modified objective function.  
 
Fig.  4-14. Cantilever Beam 
 
 
 
 
 
 
 
 
 
Fig.  4-15. Optimal layouts for cantilever beam (V/V0=0.25) 
The convergence plots are shown in Figs. 4-16 and 4-18 where the p-norm stress evolution is also 
provided for the compliance-based approach (Pcomplince) for comparison.  
P1stress 
 
(V/V0=0.25) 
Optimized layout & von Mises stress plot 
 
σ max = 356.7 [MPa], C = 246.4 [N mm] 
Pcompliance 
  
(V/V0=0.25) 
 
σ max = 558.9 [MPa], C = 243.3 [N mm] 
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(a) (b) 
Fig.  4-16. Convergence plots for cantilever beam (V/V0=0.25) (a) mean compliance, (b) p-norm stress 
 
 
 
 
 
 
 
 
 
Fig.  4-17. Optimal layouts for cantilever beam (V/V0=0.35) 
  
(a) (b) 
Fig.  4-18. Convergence plots for cantilever beam (V/V0=0.35) (a) mean compliance, (b) p-norm stress 
 
P1stress 
 
(V/V0=0.4) 
Optimized layout & von Mises stress plot 
σ max = 278.9 [MPa], C = 159.4 [N mm] 
Pcompliance 
  
(V/V0=0.4) 
 
σ max = 407.7 [MPa], C = 153.1 [N mm] 
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The evolution of the p-norm stress and some specific design layouts are shown in Fig. 4-19 for the 
P1stress problem with volume constraint 0.25. According to the afore-mentioned results, again in this 
example, the stress consternation has been reduced significantly, while the stiffness of the structure is 
very close to the stiffness which is obtained from the original stiffness optimization in the framework 
of the BESO method. This means that the optimal structure obtained from P1stress problem is stress-
failure resistant.        
 
Fig.  4-19. Evolution of optimized layout and p-norm stress for long clamped beam (V/V0=0.25) 
4.5.5 Concluding remarks 
Bi-directional evolutionary topology optimization (BESO) with an additional stress constraint was 
addressed in the previous sections of this chapter. The aim was to seek the stiffest structure while 
volume and stress constraints were satisfied. Since stress is one of the most important criteria in the 
engineering applications, it is essential for it to be considered in terms of topology optimization, to 
avoid stress failure of the optimal design. In addition, it is not enough to use the BESO purely for 
stiffness optimization. The stress constraint should be applied as a constraint in the original BESO 
problem to seek the stiffest optimal design which is resistant to stress failure.  
The numerical results in the above sections show the efficiency of the proposed stress-based BESO 
method where the maximum stress was constrained to the yield limit of the materials. It was seen 
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from the results that the mean compliance values of the optimal structure in the proposed method with 
the original BESO method were very close (difference < 4%). The maximum stress in the proposed 
method reduced significantly (all the stresses < yield limit) when compared with the original BESO 
approach. Hence the proposed approach was able to solve the BESO problem with an additional stress 
constraint.  
4.6 Stress minimization of the structures considering the BESO method 
In this section, the optimization problem is as defined in Equation (4-2) where the p-norm stress is 
minimized subject to a volume constraint. The problem formulation is called P2sterss in this chapter, 
and again the results are compared with the BESO traditional stiffness optimization (Pcompliance) which 
has been defined in Equation (3-1). Again, the material chosen is carbon steel 1018 and to avoid stress 
concentration, the elements in the vicinity of the applied loads are excluded from the design space. 
4.6.1 Procedure summary 
To solve the P2sterss optimization problem which is shown in Equation (4-2), the gradient of the 
modified p-norm stress should be derived in Equation (4-20). Since the p-norm stress is minimized, 
subject to the volume constraint, a negative value of the sensitivity number should be used as follows:  
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 The sensitivity numbers in Equation (4-33) consist of two terms where the first term is the variation 
of the stress itself. Recently Xia et al. (2018) addressed the same optimization problem as P2sterss in 
their research. As mentioned previously, they simplified the sensitivity analysis, due to the complexity 
of the stress sensitivity analysis. The sensitivity number is only considered the second term of the 
Equation (4-33) and the first term is totally ignored due to the artificial material interpolation scheme. 
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The BESO procedure for solving the P2sterss is the same as the original BESO procedure, which was 
discussed in Chapter 3, however, with the difference that the sensitivity numbers are calculated based 
on the stress (Equation (4-33)) rather than compliance. Again, the sensitivity numbers have been 
modified by averaging their values at their previous iteration to improve the convergence of the 
BESO. As discussed in Chapter 3, the sensitivity filtering approach has been used to avoid the 
checkerboard patterns (Huang, X & Xie, YM 2007, 2010). Additionally, the absolute difference of the 
maximum stresses between two sequential iterations is considered as a convergence criterion when 
the volume constraint is satisfied and can be defined as follows: 
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where N = 5 is used in this problem. 
4.6.2 Numerical examples 
To show the effectiveness of the proposed stress-based BESO approach, again the optimal layouts for 
the 2D examples in the plane stress are provided in this section, where the P2stress problem (Equation 
(4-2)) has been solved and compared with the traditional compliance-based problem Pcompliance 
(Equation (3-1)). The same loading condition, BESO parameters, and volume constraint have been 
used in both optimization problems (P1stress & Pcompliance) to better compare the final stress 
concentration of the optimal design. 
4.6.2.1 L-bracket beam (top load) 
The L-bracket with the top load and fixed edge is considered as the first example. This is the most 
popular example for the stress constraint topology optimization problem, due to the stress 
concentration at the kink of the L-beam. This has been addressed by many authors in their research 
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see e.g. (Bruggi & Duysinx 2012; Holmberg, Torstenfelt & Klarbring 2013; Jensen 2016; Jeong et al. 
2012; Le et al. 2010). The geometry and the dimensions of the L-bracket beam are shown in Fig. 4-20 
where the thickness is 1 mm, and the design domain consists of 6400 elements which have 4 nodes 
and are equal sized (1 mm × 1 mm).  The point load is 500 N and applied at the top of the right-hand 
side of the L-bracket. Again, to avoid the stress concentration, six elements (2×3) are excluded from 
the design space. The stress limit, evolutionary rate (ER) and the sensitivity filter (rmin) are set to be 
358 MPa, 0.02 and 1.5 mm respectively. 
 
Fig.  4-20.  L-Bracket beam 
 
The optimization problem aims to minimize the p-norm stress while satisfying the prescribed volume 
constraint. The optimal solutions of the L-bracket example are illustrated in Figs. 4-21 and 4-24. As it 
can be seen from the result in the stress-based approach, the stress values of the elements have been 
reduced significantly, compared with the compliance-based BESO method. In addition, as shown in 
Fig. 4-22, the stress concentration at the kink of the L-bracket has also been alleviated, however, 
Pcomplince optimal design suffers from the high-stress concentration at the kink of the L-bracket. 
According to the numerical results, the maximum stress has been reduced from 36% - 37% in 
comparison with the traditional BESO method. The value of the mean compliance is higher than the 
traditional compliance-based approach, due to the different objective functions in both optimization 
problem (P2stress & Pcompliance). 
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Fig.  4-21. Optimal layouts for L- bracket beam with top load (V/V0=0.3) 
The optimization evolution history of the L-bracket with volume constraint 0.3 is shown in Fig. 4-23, 
to show how the proposed approach reaches the optimal design during the optimization process. 
Different from the original BESO method, in the developed stress-based BESO approach, adding and 
removing of the material from design space, is based on the sensitivity number which depends on 
stress rather than strain energy. According to the results (Fig. 4-23), the sensitivity numbers of the 
elements at the kink of the L-bracket are the lowest in the design space, which then caused them to be 
removed in the first iteration. In the case of the traditional stiffness optimization in which the 
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sensitivity numbers are based on the elements strain energies, the strain energies of the elements at the 
kink are the highest in the design space, which would not be removed from the design space during 
the optimization processes. Hence the optimal design obtained from the stiffness optimization, suffers 
from the high-stress concentration compared with the developed stress-based approach. For 
comparison, the optimal design obtained from the developed BESO approach has been compared with 
the best discrete optimal design in (Xia et al. 2018) where the maximum stress in (Xia et al. 2018) has 
been reduced by 27.8%, while in the proposed method of this research, the maximum stress has been 
reduced around 37% . 
 
 
                          (a)                                                                                 (b) 
Fig.  4-22.  Comparing the stress concentration of the L-bracket (a) P2stress (V/V0=0.3) (b) Pcompliance (V/V0=0.3) 
 The effects of the different BESO parameter on the final optimal design are also depicted in Figs. 4-
26 to 4-28 where different evolutionary rate and filter radius have been applied to reach the optimal 
designs for volume fraction 0.35. Since the BESO method is a discrete design optimization solution, 
the Zig-Zag boundaries of the optimal designs are inevitable compared with the continuous density 
approaches e.g. SIMP method. According to the results, the larger filter radius leads to the design with 
a higher maximum and fewer members. Applying a smaller filter radius causes the maximum stress to 
be lower, but the optimized design contains more members which may be costly for manufacturing. 
The evolutionary rate (ER) does not lead to major changes to the final design but applying the smaller 
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value of the ER leads to an increase in the computational cost due to the slow evolution of the volume 
fraction. The afore-mentioned results show that the developed BESO problem can effectively 
decrease the maximum stress of the final optimized structure and the stress concentration at the kink 
of the L-bracket can be alleviated significantly when compared with the results of the BESO stiffness 
optimization (Pcopliance). In the next section another example has been solved for P2stress and again the 
results have been compared with the compliance-based BESO approach to better show the 
effectiveness of the proposed approach in the stress minimization of the optimal designs.  
 
Fig.  4-23.  Evolution of topology for optimizing the L-bracket (V/V0=0.3) 
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Fig.  4-24. Optimal layouts for L- bracket beam with top load (V/V0=0.4) 
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rmin = 1.5 mm rmin = 2 mm rmin = 2.5 mm 
   
 
σmax = 341.9 MPa 
 
σmax = 346.4 MPa 
 
 
σmax = 347.1 MPa 
 
Fig.  4-25. Optimization layouts for L-bracket with ER = 0.01 (V/V0 = 0.35) 
 
rmin = 1.5 mm rmin = 2 mm rmin = 2.5 mm 
   
 
σmax = 322.4 MPa 
 
 
σmax = 333 MPa 
 
 
σmax=354.4 MPa 
 
Fig.  4-26. Optimization layouts for L-bracket with ER = 0.02 (V/V0 = 0.35) 
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rmin = 1.5 mm rmin = 2 mm rmin = 2.5 mm 
   
 
σmax = 326.8 MPa 
 
 
σmax = 350.1 Mpa 
 
 
σmax = 349.8 MPa 
 
Fig.  4-27. Optimization layouts for L-bracket with ER = 0.025 (V/V0 = 0.35) 
4.6.2.2 Cantilever Beam 
The second example, which is the benchmark problem for the original BESO approach, deals with the 
optimization of the cantilever beam as shown in Fig. 4-14. A 1500 N point load is applied at the 
middle of the right-hand side and the design space has meshed into 5000 quadrilateral plane stress 
elements (1×1 mm). Again, to avoid the stress concentration, the eight elements (4×2) which are at 
the neighborhood of the applied load, are excluded from the design space. Also, the thickness, 
sensitivity filter radius (rmin) and the evolutionary rate (ER) are set to be 1 mm, 2 mm and 0.02 
respectively. The numerical results from the optimization problems P2stress and Pcompliance are shown in 
Figs. 4-28 and 4-29 for different volume constraints 0.3 and 0.43. According to the results, the 
maximum stress with volume constraint 0.3 has been reduced by 42% compared with the stiffness 
optimization problem with the same volume constraint. However, the mean compliance value is larger 
in the case of the P2stress problem, due to the stress-based objective function rather than compliance-
based one. According to the results which have been obtained with the volume constraint 0.43, it can 
be seen that the maximum stress value has been decreased by around 27% compared to the original 
BESO method. Since the sensitivity numbers of the elements in the proposed method are based on the 
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stress, the elements with the lowest sensitivity numbers have been removed from the design space, 
while the elements with the highest sensitivity numbers have been kept as solid elements. The 
optimization layout’s history of the cantilever beam with volume constraint 0.3, is also illustrated in 
Fig. 4-30 which shows how the algorithm reaches the final optimal design during the optimization 
process.  
Fig.  4-28. Optimal layouts for Cantilever beam (V/V0=0.3) 
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Fig.  4-29. Optimal layouts for Cantilever beam (V/V0=0.43) 
Again, it can be seen from the results that the proposed approach is able to reduce the maximum stress 
of the optimal design significantly, and all the optimized designs are free from large stress 
concentration when compared with the original BESO method. In the next section, another rare 
example has been solved for P2stress problem where again the results are compared with the 
compliance-based BESO to show the validity of the proposed method.    
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Fig.  4-30.  Evolution of topology for optimizing the L-bracket (V/V0=0.3) 
 
4.6.2.3 Eyebar beam 
This example deals with the optimization of the Eyebar beam which also has been used by (Amstutz 
& Novotny 2010) in their research. The design domain consists of the quadrilateral Q4 plane stress 
elements (1×1 mm), with a circular hole with radius 15 mm excluded from the design domain. The 
geometry and the boundary condition can be seen in Fig. 4-31, where the thickness has been set to 1 
mm and 20 mm of the beam is clamped along a segment. A horizontal load function with the density 
of )00,0)15((73(),( 22 −= xifxifyyxF  is applied at the centre of the hole. The load is 
distributed to mimic the contact produced by the pin-joint with the origin of the Cartesian coordinate 
system ((x, y)) at the center of the hole. The sensitivity filter and the evolutionary rate have been set to 
2mm and 0.02 respectively.  
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Fig.  4-31. Eyebar beam 
The topology optimization results for two different volume constraints 0.39 and 0.5 have been shown 
in Figs. 4-32 and 4-33. According to the results obtained from the volume constraint 0.39, the high-
stress concentration around the bar eye in the case of the Pcomplice has been alleviated to around 42% in 
the case of P2sterss. As discussed earlier, the mean compliance values in the case of the proposed 
approach (P2sterss) is higher than the original BESO method. The maximum stress with the volume 
fraction 0.5 has been reduced around 24% compared with the maximum stress which was obtained 
from the Pcompliance problem.  The optimization layout history is also depicted in Fig. 4-34 where the 
optimization process of the Eyebar with volume fraction 0.39, has been shown for specific iterations. 
According to the results obtained, the proposed stress-based approach was again able to reduce the 
maximum stress of the elements, and consequently the stress concentration of the final optimized 
structure.   
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Fig.  4-32. Optimal layouts for Eyebar beam (V/V0=0.39) 
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Fig.  4-33. Optimal layouts for Eyebar beam (V/V0=0.5) 
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Fig.  4-34.  Evolution of topology for optimizing the Eyebar (V/V0=0.39) 
 
 
4.6.3 Concluding remarks 
In the previous sections, the proposed stress-based BESO method was formulated to minimize the 
stress to obtain an optimized structure without large stress concentration, while satisfying volume 
constraint. Compared to the original BESO method where the optimal design may contain high-stress 
concentrations, the numerical results show that by considering the stress sensitivity analysis in the 
BESO method, one can reach an optimal design without large stress concentration and with the local 
stresses closer to the stress limit of the elements. Since stress is one of the most important criteria in 
engineering application, it is not sufficient to optimize structure purely for stiffness without 
considering stress failure in the original BESO method. Hence the application of the proposed stress-
based BESO method leads to a better optimal design which is resistant to stress failure and is closer to 
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a practical engineering design. In the next section, another topology optimization, is called P3sterss in 
this research has been solved for different numerical examples. 
4.7 Volume minimization by considering stress constraint 
In practice, the proposed stress-based BESO approach can also be formulated to minimize the volume 
of the structure while satisfying a predefined stress constraint. In this section, to demonstrate the 
effectiveness of the developed BESO approach, the P3stress has been solved for the numerical 
examples as was shown earlier in Equation (4-3). For comparison, the volume constraint in the 
original BESO problem (Pcompliance) has been set to the optimized volume, which is obtained from the 
P3stress optimization problem.  
4.7.1 Procedure summary 
To solve the P3sterss optimization problem as shown in Equation (4-3), the volume is minimized, 
subject to stress constraint. The stress constraint should be added to the objective function by using 
the Lagrangian multiplier (λ), therefore the modified objective function can be defined as follows: 
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where σG
PN and σ* are the p-norm stress and predefined stress constraint respectively. According to 
Equation (4-35), if the stress constraint is satisfied, the modified objective function will be equal to 
the original objective function, and the Lagrangian multiplier (λ), can set to any constant. To solve the 
optimization problem, the sensitivity numbers of the elements should be calculated, by calculating the 
derivative of the objective function as follows:  
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where the gradient of the modified p-norm stress can be calculated as per Equation (4-20). 
Substituting Equation (4-20) into Equation (4-36) the final derivative of the objective function reads: 
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By using the uniform mesh in the FEA analysis, the volume of the elements is the same and therefore 
the final sensitivity number reads as follows: 
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Compared with the BESO procedure of the P2sterss problem (Equation (4-2)), in the P3sterss problem the 
BESO algorithm is slightly different, where the calculation of the target volume for the next iteration 
depends on the stress constraint value, by applying a function (Gs) which indicate the relative gap 
between the stress constraint and the maximum stress values. The target volume of the next iteration 
can be calculated as follows: 
)1(1 skk GERVV −=+  (4-39) 
where Vk and ER are the current iteration volume and evolutionary rate respectively. Gs is the gap 
function which controls the volume fraction of the structure during the optimization progress by 
comparing the maximum stress value of the current iteration with the stress constraint. If the 
maximum stress is violated and is larger than the stress constraint, then Gs will be set to a negative 
value, which increases the structural volume automatically to reduce the maximum stress. Gs can be 
defined as follows: 
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where tolerance is a user-defined parameter which has been set to 0.05 in this research. When the 
maximum stress reaches the stress constraint, the volume fraction will be stopped, but the 
optimization progress will be continued with the constant volume to be converged. The convergence 
criteria are based on the volume and stress as follows: 
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where N = 5 is used in this problem. Again the sensitivity numbers have been modified by averaging 
their values at their previous iteration to improve the convergence of BESO. As discussed in Chapter 
3, the sensitivity filtering approach has been used to avoid the checkerboard patterns (Huang, X & 
Xie, YM 2007, 2010). The BESO procedure for solving the optimization problem P3stress can be 
depicted in a flowchart (Fig. 4-35). In the next section, the P3stress has been solved for different 
numerical examples, and previously stated, the topology optimization results have been compared 
with the traditional stiffness approach to show the validity of the proposed method.  
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Fig.  4-35. Flowchart of the BESO procedure for solving the P3stress optimization problem 
 
4.7.2 Numerical implementation 
In this section, the P3stress optimization problem has been solved for the cantilever beam and the long 
clamped beam as shown in Figs. 4-33 and 4-8, where the structural volume is minimized while 
satisfying the stress constraint (σ*).  
 
Fig.  4-36. L-Bracket beam 
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For the cantilever beam example, a 700 N point load has been applied to the bottom corner of the 
right side and the design space has meshed into 5000 quadrilateral plane stress elements (1×1 mm), 
where again to avoid the stress concentration, six elements (3×2) in the vicinity of the point load are 
excluded from the design space during the optimization process.  
Fig.  4-37. Optimal layouts for cantilever beam (σ* = 370 MPa) 
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The boundary condition, geometry and the applied load for the long clamped beam example is the 
same as Fig. 4-8 which has shown before. A 1000 N point load applied to the middle of the beam and 
12 elements (3×4) are excluded from the design space to avoid the stress concentration around the 
point load. The material is carbon steel 1018 and the evolutionary rate (ER) and the sensitivity filter 
radius (rmin) have been set to be 0.02 and 2 mm for both examples. 
The optimization solution results for the cantilever beam have been shown in Figs. 4-37 to 4-39 for 
different stress constraints values of 450 MPa, 390 MPa, and 370 MPa. As stated earlier, when 
comparing the obtained results with the original BESO method, the volume constraints of the 
Pcompliance have been set to the optimal volumes, which have been calculated from the P3stress problem. 
It can be seen from the results that the problem of minimizing volume subject to stress constraint 
(P3stress) can effectively constrain the maximum stress which means this satisfies the stress 
constraints. The maximum stress of the final optimal designs in the P3stress problem, has been reduced 
significantly (28% - 32%) while compared with the stiffness optimization problem results in the 
Pcompliance problem with the same volume. However, the mean compliance values in the P3stress 
problem are slightly higher than the values of the original BESO approach due to the different 
objective functions. In addition, the convergence plots show how the Gs gap functions increased the 
structural volume to control the maximum stress and constrain it to below the prescribed stress 
constraint during optimization progress.  
The topology optimization results for the long clamped beam example (Fig. 4-8) with different stress 
constraints 345 MPa,400 MPa, and 450 MPa have been depicted in Figs. 4-40 to 4-43. According to 
the numerical results for each stress constraint, different optimal volumes have been obtained. In all 
cases the stress constraint has been satisfied and the maximum stress of the final design is less than 
the stress constraints value. However, in the case of the stiffness optimization (Pcompliance), although 
the optimal design has the same volume as was obtained from the P3stress solution, the maximum stress 
in all the optimal designs is larger than the stress constraint. Hence the proposed approach which was 
used to solve the P3stress was able to reduce the maximum stress and constrain it to a value which is 
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less than the stress constraint value where the maximum stress has been decreased by 20% - 30% 
when compared to the traditional BESO stiffness optimization. The role of the Gs gap function can be 
seen from the convergence plots where the structural volume has been increased to overcome the 
violation of the maximum stress.  
Fig.  4-38. Optimal layouts for cantilever beam (σ* = 390 MPa) 
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Fig.  4-39. Optimal layouts for cantilever beam (σ* = 450 MPa) 
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Fig.  4-40. Optimal layouts for the long clamped beam (σ* =345 MPa) 
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Fig.  4-41. Optimal layouts for the long clamped beam (σ* = 400MPa) 
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Fig.  4-42. Optimal layouts for the long clamped beam (σ* = 450MPa) 
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4.8 Computational cost 
In this section the computational effort of the developed stress-based BESO method has been 
compared with the original stiffness optimization BESO approach. Tables 1 and 2 show the CPU 
times which are needed to run the Matlab code. Compared to the original BESO approach the costliest 
part of the proposed approach, is the solution of the adjoint equilibrium equation which is used in this 
research to calculate the derivative of the displacement vector in all three optimization problems 
(P1stress, P2 stress, and P3stress).  
Table 4-1. CPU time (seconds) for solving the P2stress problem (L-bracket (V/V0=0.3)) 
 
 
Iteration 
BESO considering stress (P2stress) BESO considering compliance (Pcompliance) 
Total time 
Time to solve equilibrium 
equations. 
(Including adjoint system).  
Total time 
Time to solve  
equilibrium equations. 
5 1.176 0.779 0.836 0.612 
11 0.955 0.802 0.794 0.675 
22 1.691 1.587 1.386 1.295 
45 3.586 3.398 2.885 2.824 
91 7.323 7.159 5.884 5.746 
To better compare the computational effort of the proposed method with the traditional compliance-
based BESO approach (Pcompliance), the number of the iteration in the Pcompliance solutions has been set 
to the final iteration number of the P2 stress problem, where the optimization problem has been 
converged. According to the results, the computational effort of the proposed method is slightly 
higher than the original BESO method due to the application of the adjoint method for calculating the 
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derivative of the displacement vector in the sensitivity analysis. When comparing the total CPU times 
for both solutions, the difference between the CPU times are negligible and are acceptable 
 Table 4-2. Summary of the total computing time for solving the P2stress problem (L-bracket (V/V0=0.3)) 
L-bracket 
BESO considering 
stress  
BESO considering 
compliance 
Number of elements 6400 6400 
Number of iterations 91 91 
Volume fraction 0.3 0.3 
Computing time (second) 14.731 11.785 
 
4.9 Mesh quality effect  
In this section the mesh quality effects have been investigated for the proposed stress-based BESO 
method, where the P1stress problem has been solved with different mesh sizes of 80×40, 100×50, 
140×70 and 200×100 for the cantilever example, which has been shown earlier in Fig. 4-14.  As 
explained earlier a 650 N point load is applied at the middle of the right-hand side and the design 
space has meshed into 5000 quadrilateral plane stress elements (1×1 mm). Again, to avoid the stress 
concentration, the eight elements (4×2) which are at the neighborhood of the applied load, are 
excluded from the design space. The thickness and the evolutionary rate (ER) are set to be 1 mm, and 
0.02 respectively.  The sensitivity filter radius (rmin) has been set to 1.5 mm for all mesh sizes. 
Different from the original BESO method (Huang, X & Xie, YM 2007, 2010) which is a mesh-
independent approach, the proposed stress-based approach is not mesh-independent. Although in the 
proposed method, the mesh-independent filter has been used to reach the optimal designs, as it can be 
seen from the results, different optimal layouts are obtained while using different mesh sizes, and as 
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explained in (Jeong, Choi & Yoon 2015) this is because of the so-called “local optima issue”. This 
occurs in the stress and fatigue-based topology optimization due to the local and nonlinearity nature of 
the stress and fatigue constraints. The results for applying the different mesh sizes are depicted in Fig. 
4-43. The results of the original BESO method are also provided to show the validity of the stress-
based proposed method in minimizing the stress while the mesh sizes have been changed. Although in 
the traditional BESO method, the relatively similar filtering radius should be used to achieve the same 
optimized result which is mesh-independent, in order to better compare the final maximum stress, the 
filter radius of the Pcompliance is set to be the same as the filter radius of P1stress, which is 1.5 mm in this 
section. According to the results, the maximum stress has been reduced in comparison to the 
traditional BESO method, while the mesh dimensions have been changed. By changing the same 
relative filtering radius, the optimal final designs cannot be the same which is different from the 
original BESO method (Huang, X & Xie, YM 2007, 2010). By setting the filter radius to larger higher 
values than 1.5 mm, the relatively similar results might be obtained in which the changing of the filter 
radius is not based on the relative change of the mesh sizes. This means that for obtaining the same 
topology, changing of the filter radius does not depend on the mesh sizes as is in the traditional BESO 
method, and the same topology cannot be obtained due to the local optima. In addition, the same 
topology may be obtained by defining the larger filter values while using the finer mesh sizes which 
are not based on the sizes of the mesh but based on experience as shown in Fig. 4-44. The results of 
the original BESO method in Fig. 4-44 have been obtained by changing the filter radius based on the 
relative change of the mesh sizes which leads to the same final topology in all cases. However, the 
results which are obtained from the proposed method, are based on setting the filter radius to larger 
values according to experience to obtain the same topology. 
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Fig.  4-43. Optimal layouts for the cantilever beam with the same filter radius 1.5 mm (σ* = 358MPa, V/V0=0.35) 
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Fig.  4-44. Optimal design layouts for the cantilever beam with different filtering radius (σ* = 358MPa, 
V/V0=0.35) 
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4.10 Conclusion 
In this chapter of this research, the BESO approach was developed to solve the stress-based topology 
optimization problems. Three different optimization problems which are called P1stress, P2stress and 
P3stress were solved for different numerical examples to show the validity and merit of the stress-based 
BESO approach. In the P1stress problem, the aim was to seek the stiffest structure while satisfying the 
prescribed stress and volume constraints. In the P2stress problem the p-norm stress was minimized 
subject to the volume constraint and in the last problem (P3stress) the minimum volume of the structure 
was sought while satisfying the stress constraint. In addition, all the solutions of the above-mentioned 
problems have been compared with the original BESO approach (Pcompliance). The numerical examples 
show that the proposed stress-based approach is able to reduce the high-stress concentration, and also 
minimize the maximum stress values when compared to the traditional BESO approach. Although 
P1stress and P2stress problems are different, both have a volume constraint which can be set to the same 
value for comparison. However, in the P3stress problem the volume is the objective function and by 
tailoring the stress constraint to reach the same volume as P1stress and P2stress problems the stress value 
and the mean compliance will be completely different, and it is not a possible to compare the results. 
Therefore, the results of the P3stress problem cannot compare with the P1stress and P2stress. According to 
the results the P1stress leads to stiffest structure while compare to the P2stress, however the maximum 
stress in P1stress is higher than the P2stress where both problems satisfied the stress constraints. 
 Since stress failure plays a fundamental role in engineering application, the optimal designs which 
are obtained from the proposed method are closer to the engineering needs. Hence the proposed 
stress-based BESO method can be used as a tool to optimize the structures in the framework of the 
BESO method, in which the optimized structure is resistant to the stress failure, when compared with 
the BESO stiffness optimization.  In short, this research has developed a new stress-based BESO 
approach.In the next chapter the critical fatigue stress will be applied as a stress constraint in the 
BESO topology optimization problem, where the sensitivity analysis is based on the principal stress, 
rather than the von Mises stress to reach the optimized structure which is fatigue-resistant. 
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Chapter 5  
 
BESO method based on critical fatigue stress 
In this chapter, the critical fatigue stress has been applied as a stress constraint in the original BESO 
approach, which means the BESO optimization problem has been solved for additional fatigue stress 
constraint to minimize the compliance while satisfying the fatigue stress. The stress constraint in this 
chapter, is based on the critical fatigue stress for the specific life cycles. Different from the stress-
based topology optimization of the previous chapter, (Chapter 4), in this chapter the calculation of the 
sensitivity numbers is based on the principal stress sensitivity analysis rather than von Mises stress 
sensitivity analysis. Since the compressive principal stresses generally do not have any role in the 
fatigue failure of the structures, the highest tensile principal stresses of the elements have been 
considered in the sensitivity analysis to obtain the sensitivity numbers. The critical fatigue stress has 
been calculated based on the high cycle fatigue approach, in which the highest tensile principal stress 
which causes the fatigue failure in the structure, has been calculated based on the Goodman fatigue 
failure criteria for a predefined number of cycles. Different numerical examples have been solved to 
show the effectiveness of the fatigue-based approach, where the results are compared with both the 
compliance-based and the stress-based reproaches.  
5.1 Introduction 
The idea of separating the fatigue analysis from the topology optimization was proposed by Holmberg 
et al. (2014) where the critical fatigue stress was calculated prior to the optimization process and then 
used as a stress constraint in the topology optimization problem to reach the fatigue-resistant 
optimized structures. The high-cycle fatigue regime was used to calculate the critical fatigue stress. 
The sensitivity analysis was based on the maximum principal tensile stress since the fatigue failure 
does not accrue with compressive stress. They used the fatigue accumulation damage approach to 
seek the highest tensile principal stress which caused the allowable cumulative damage to the 
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structure. This means that to calculate the critical fatigue stress another problem was solved prior to 
the optimization solution as follows:  
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where D is the cumulative damage and must be less than 1 in order to avoid fatigue failure. For 
solving the optimization problem, Holmberg et al. (2014) used the p-norm approach to gather the 
critical fatigue stress of the elements in one function. In addition, they used the method of moving 
asymptotes (MMA) (Svanberg 1987) to solve the gradient-based topology optimization in the 
framework of the SIMP method, where the minimum volume of the structure was sought while 
satisfying the prescribed life cycles. The optimization problem was solved in the same way as stress 
constraint topology optimization (Holmberg, Torstenfelt & Klarbring 2013), the main difference 
being that the stress constraint was substituted with the critical fatigue stress and the sensitivity 
analysis was based on the principal tensile stress, rather than the von Mises stress. The results 
obtained were compared with the stress-based topology optimization based on the von Mises stress to 
show the effectiveness of their new approach. The method was based on continuous density, and as 
mentioned before, there is no report on using fatigue constraint in discrete density approaches such as 
the BESO method. Therefore, in this chapter, we used the methodology which has been used in 
(Holmberg, Torstenfelt & Klarbring 2013) to solve the BESO optimization problem, which is based 
on the critical fatigue stress. Our approach differs from (Holmberg, Torstenfelt & Klarbring 2013) in 
that the critical fatigue stress has been calculated based on the Goodman fatigue failure criterion 
rather than cumulative damage. Hence the critical fatigue stress can be calculated as follows: 
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where the ultimate tensile stress and the fatigue limits of the elements are denoted by Sut and Sn 
respectively, and σa and σm are the alternating and mean stress which are discussed later in this 
chapter. The Sn, which is the fatigue limits of the elements, is calculated based on the desired life 
which is expected from the structure. To avoid fatigue failure, the Goodman fatigue criterion must be 
less than 1 (Aliabadi 1992; Jeong, Choi & Yoon 2015; Suresh 1998). Therefore, according to 
Equation (5-2), the highest tensile principal stress should be calculated for the specific life cycle, 
which applies as stress constraint in the topology optimization problem. 
5.2 Problem statement 
The topology optimization problem which has been solved in this chapter deals with minimization of 
the compliance while fulfilling the critical fatigue stress. The optimization problem reads: 
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 where V *, Vi and xi are the volume constraint, individual elements volume and binary design 
variables respectively and the critical fatigue stress constraint is denoted by σf
*. σf 
PN is the global 
modified p-norm stress function which is based on the maximum principal tensile stresses of the 
elements and is discussed in the next section. Since using the local constraints of each element in the 
topology optimization problem leads to a huge computational cost and is nearly impossible, the global 
approach of gathering the constraints by using the p-norm function has been used in this research 
(Holmberg, Torstenfelt & Klarbring 2013). The optimization problem is called Pfatigue stress in this 
chapter, and different numerical examples have been solved for this optimization problem. The results 
have been compared with the P1stress problem which was shown in Equation (4-1), and the stress 
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constraint in the P1stress problem has been set to the critical fatigue stress value which has been applied 
in the Pfatigue stress problem. 
5.3 Stress measurement for calculating the critical fatigue stress  
As mentioned earlier in this chapter, fatigue analysis and topology optimization have been performed 
in two separate steps (Holmberg, Torstenfelt & Klarbring 2014), where the maximum tensile principal 
stress, referred to as critical fatigue stress in this chapter, has been calculated based on the Goodman 
fatigue failure criterion which reads 
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where the alternating and mean stress of the elements can be defined as follows: 
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The σnf, which is related to the fatigue limit of the elements for allowable life cycles, can be defined 
based on the Basquin Equation (Aliabadi 1992; Lee, Barkey & Kang 2012; Suresh 1998) as follows: 
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where σ' f and b are the fatigue strength coefficient and fatigue strength exponents which are based on 
the material properties, and Nf represents the number of cycles to failure at stress amplitude σnf. 
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σe   is the endurance limit of the material which can be calculated as follows  
MPafor utute 13795.0 =     (5-10) 
Also, σut is the ultimate tensile strength of the materials, where f represents the fraction of σut and can 
be calculated as follows (Aliabadi 1992; Lee, Barkey & Kang 2012; Suresh 1998).  
Mpaforf ut 4809.0 =   (5-11) 
In principle, the modified endurance limit ( e ) should be calculated by applying the correction factor 
to the actual endurance limit σe, as used and explained in (Aliabadi 1992; Lee, Barkey & Kang 2012; 
Suresh 1998). Then the fatigue strength exponent (b) and fatigue strength (σ' f) should be calculated 
accordingly based on e . Since the proposed method, which is based on the critical fatigue stress, 
aims to reach a preliminary optimized structure in the first stage of the fatigue design process, in this 
research the actual endurance limit is used rather than e  which means that none of these correction 
factors have been applied for the proposed method. By defining the Basquin Equation parameters, the 
fatigue limit of the Nf cycles (σn) can be obtained easily. The critical fatigue stress calculation only 
needs to be done once during the optimization. For avoiding fatigue failure, the highest tensile 
principal stress for allowable life cycles has been sought, based on the Goodman fatigue criteria, 
which means that the highest tensile principal stress should fulfill the Goodman equation. Finally, this 
critical tensile stress can be used in the topology optimization problem as a stress constraint. The p-
norm global approach has been used to gather all the local critical fatigue stresses in one function to 
reduce the computational cost as follows: 
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where 
1
aσ the maximum tensile principal stress and can be defined as:  
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Where λ1 , λ2 and λ3 are the eigenvalues of the stress tensor: 
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As explained in Chapter 4, the p factor of the p-norm function should be infinite in principle to reach 
the maximum stress, but in practice, a value from 3 to 4 has been used by many other authors. In this 
research, our numerical experiences show that choosing a value from 3 to 5 for p-norm factor (p) 
works well for the BESO method based on the critical fatigue stress. However, by changing the p 
value and selecting the other values, different optimal designs maybe obtained because of the change 
of the objective function. The finite elements analysis (FEA) is performed based on the static finite 
element analysis based on Equation (4-6) and again, for solving the optimization problem, the 
material interpolation scheme (SIMP) is also adopted based on Equations (4-7) and (4-8). For solving 
the optimization problem which has shown in Equation 5-3 the sensitivity numbers of the elements 
should be calculated based on the tensile principal stress sensitivity analysis, which is discussed in the 
next section. The high cycle fatigue approach with the constant proportional loading condition has 
been used to reach the alternating and mean stress of the elements. According to Collet et al. (2017) 
the equivalent static analysis could be applied to fatigue analysis by considering the amplitude of the 
static stress state, if the material behaviour is assumed to be elastic, and there is no crack initiation 
assumption. Furthermore, the loading condition must be constant proportional loading case. Hence the 
equivalent static analysis has been used to calculate the critical fatigue stress of the elements. 
5.4 Sensitivity analysis based on critical fatigue stress 
For solving the BESO optimization problem which considers the fatigue stress as a constraint, the 
sensitivity numbers of the elements should be calculated based on the derivative of the p-norm stress 
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with respect to design variables. Hence the gradient of the p-norm stress by applying the chain rule 
can be defined as follows: 
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The derivative of the 
1
aσ  with respect to design variables xi reads:  
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where Λ is the transformation vector in which the component of the corresponding eigenvector is 
denoted by ϕi and u, B and D, which are the displacement, strain displacement, and the constitutive 
matrices respectively. The term ixx  )(D can be easily calculated from Equation (4-10) as 
mentioned before, but the term ixx  )(u  cannot easily be derived. For solving Equation (5-15) the 
adjoint method should be used to calculate the derivative of the displacement vectors over the design 
variables. Hence for calculating the term ixx  )(u , the chain rule can be applied to the global 
Equation (4-6) which was discussed in Chapter 4 as follows:  
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from which the derivative of the displacement matrix over design variables can be obtained as 
follows:  
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By substituting Equation (5-17) into Equation (5-15) and then (5-15) into (5-13) and finally Equations 
(5-13) and (5-12) into (5-11) the derivative of the p-norm stress reads: 
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where the adjoint equation can be defined as follows: 
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Therefore, by inserting the adjoint variable λ in Equation 5-18 the final gradient reads 
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5.5 Numerical implementation procedure  
 
To solve the Pfatigue stress problem, the sensitivity numbers of the elements should be defined based on 
the derivative of the objective function. Since an extra critical fatigue stress constraint has been added 
to the original BESO problem, the objective function should be modified as follows: 
)()(

−+= f
PN
cfs σσCxf   (5-25) 
where C, σcfs
PN and σf
* are the compliance, p-norm fatigue stress, and critical fatigue stress constraint 
respectively. λ represents the Lagrangian multiplier which calculates based on the volume and critical 
fatigue stress constraints as discussed in section 4-5-2. According to Equation (5-25), when the p-
norm stress is equal to the critical fatigue stress constraint, the modified objective function will be the 
same as the original BESO objective function. In addition, while σcfs
PN< σf
*, the Lagrangian multiplier 
will be set to zero (λ=0), meaning that the stress constraint has been already satisfied. However, the 
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value of λ will tend to infinity if σcfs
PN> σf
*, which means that σcfs
PN is minimized to satisfy the critical 
fatigue stress constraint in later iterations. The Lagrangian multiplier should be defined prior to the 
calculation of the sensitivity numbers, where the sensitivity of the modified objective function is:   
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where the sensitivity number of the elements used in BESO can be expressed by: 
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Finally, the the sensitivity numbers for solid and void elements can be defined as  
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The procedure for the calculation of the Lagrangian multiplier is the same as the stress-based 
approach which was discussed in Chapter 4, with the exception of the calculation of the p-norm 
critical fatigue stress for the next iteration (
1)( +IPNcfsσ ), which is based on the critical fatigue stress 
rather than von Mises stress as follows: 
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The BESO procedure for solving the optimization problem Pfatigue stress is the same flowchart which has 
been depicted in Fig. 4-1, where only the sensitivity analysis is based on the critical fatigue stress 
rather than von Mises stress.In the proposed BESO method which considers the critical fatigue stress 
the gradual material removing will be stopped while the algorithm reaches the objective volume (V *) 
and the whole optimization process will end if the following convergence criteria are satisfied: 
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 where N = 5 is used in this problem. 
5.6 Numerical examples 
In this section, to show the validity and merit of the BESO method, which is based on the critical 
fatigue stress, the Pfatigue stress problem (Equation (5-3)) has been solved for different 2D numerical 
examples. Since the constant proportional loading condition has been applied and, it was assumed that 
the materials remain elastic with no crack initiation, the static analysis has been used to calculate the 
critical fatigue stress of the elements by considering the amplitude of the stress state. The results of 
the Pfatigue stress problem have been compared with the results of the P1stress, where the same stress 
constraints have been applied. Additionally, the results have been compared with the original BESO 
method.  
5.6.1 L-Bracket beam (center load)  
The Pfatigue stress problem has been solved for the L-bracket beam of Fig. 4-2 in this section, where the 
design space consists of a total of 6400 four-node plane stress elements, which are equal sized (1 mm 
× 1 mm) with the thickness of 1 mm. To avoid stress concentration in the vicinity of the point load, 3 
× 2 elements (six elements) around the applied point load are excluded from the design space and 
fixed as solid elements during the optimization process. The evolutionary rate (ER) and the filter 
radius (rmin) are set to be 0.02 and 1.5 mm respectively. Carbon steel 1018 with Young’s modulus 
210,000 MPa and Poisson’s ratio 0.3 has been used as the material reference. The constant 
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proportional load with the maximum of 400 N and minimum of 220 N has been applied in the middle 
of the right-hand side of the L-bracket beam. σut, σ' f and b have been set to be 440 MPa, 712.8 MPa 
and -0.851 respectively.  
Fig.  5-1. Optimal layouts for the L-bracket beam with center load (V/V0=0.32, Nf =106, σf* =326.4 MPa) 
According to the applied load and the Basquin Equation parameters, which are defined above, the 
critical fatigue stresses for Nf =106 and Nf =107 which are calculated by the Matlab code, are σf
* = 
326.4 MPa and σf
* = 299.1 MPa respectively, where these stresses have been used as stress constraints 
to solve the optimization problems for two different volume constraints 0.32 and 0.45. Therefore, the 
optimization problem aims to seek the stiffest structure, which the highest tensile principal stress in 
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the entire design space is less than the value of σf
*=326.4 MPa for the volume constraint 0.32 and 
σf
*=299.1 MPa for the volume constraint 0.45. 
Fig.  5-2. Optimal layouts for the L-bracket beam with center load (V/V0=0.45, Nf =107, σf* =299.1 MPa) 
Solutions for the L-bracket beam with the center load problem in which the compliance has been 
minimized, based on the critical fatigue stress are shown in Figs. 5-1 and 5-2 for different volume 
constraints 0.32 and 0.45. As previously mentioned, in each example there is the optimal design of the 
traditional compliance-based optimization problem (Pcompliance) which has the same load and volume 
constraint as the examples which have been solved in Pfatigue stress problems. According to the results, 
the maximum tensile principal stress has been decreased from 36% - 29% compared with the 
Pcompliance   results. In addition, all the maximum tensile principal stresses values of the optimal designs 
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in the proposed BESO approach (Pfatigue stress) are less than the critical fatigue constraint value. 
However, the mean compliance values are higher than the values which were obtained in the original 
BESO method due to the application of an additional fatigue constraint in the original BESO method. 
Since the sensitivity analysis is based on tensile principal stress rather than von Mises stress, it can be 
seen from the results that the maximum von Mises stress values are higher than the tensile principal 
stress in the proposed BESO approach. In addition, compared with the optimal design of the original 
BESO method, it can be seen that the vertical bars of the L-bracket have different thicknesses where 
the bars which are on tension are thicker than the bars which are on compression.  
  
(a) (b) 
Fig.  5-3.Convergence plots for L-bracket with center load (a) (V/V0=0.32), (b) (V/V0=0.45) 
The convergence plots of the problems which are based on the p-norm stress evolution in each 
iteration are depicted in Fig. 5-3. In the next optimization example, the L-bracket beam has again been 
solved, where the position of the load has been changed from the center to the top of the right-hand 
side of the L-bracket. 
5.6.2 L-Bracket beam (top load)  
For the second example, the L-bracket beam of Fig. 4-20 has been solved for the Pfatigue stress problem.  
Again, to avoid stress concentration in the vicinity of the point load, 3 × 2 elements (six elements) 
around the applied point load are excluded from the design space and fixed as solid elements during 
optimization process where the design space consists of a total of 6400 four-node plane stress 
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elements, which are equal sized (1 mm × 1 mm) with the thickness of 1 mm. The filter radius (rmin) 
and the evolutionary rate (ER) are set to be 1.5 mm and 0.02 respectively.  
Fig.  5-4. Optimal layouts for the L-bracket beam with top load (V/V0 = 0.4, Nf =106, σf*=326.4 MPa) 
The material reference is carbon steel 1018 with Young’s modulus 210,000 MPa and Poisson’s ratio 
0.3. Again, the constant proportional load with the maximum of 400 N and minimum of 220 N has 
used in this example where the load has been applied in the top of the right-hand side of the L-bracket 
beam as shown in Fig. 4-20. b, σ' f  and σut  are set to be -0.0851, 712.8 MPa and 440 MPa respectively. 
The critical fatigue stresses constraints have been calculated as σf
* = 299.158 MPa and σf
* = 326.4 
MPa for Nf =107 and Nf =106 respectively.  
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Fig.  5-5. Optimal layouts for the L-bracket beam with top load (V/V0=0.5, Nf =107, σf* =299.1 MPa) 
The optimization problem has been solved for two different volume constraints 0.4 and 0.5. For the 
volume constraint 0.4, the fatigue constraint 326.4 MPa has been used and the fatigue constraint 299.1 
MPa has been used for the volume constraint 0.5. Solutions for the L-bracket beam with the top load 
problem are shown in Figs. 5-4 and 5-5. Again, in each example, the original BESO method results 
have been compared with the proposed BESO method which is based on the critical fatigue stress 
constraint. As can be seen from the results, the maximum tensile principal stress has decreased from 
34% - 32% compared with the maximum tensile principal stress value of the original BESO method 
(Pcompliance), where in the case of the proposed BESO method, all the maximum tensile stress values 
are below the fatigue failure threshold. The mean compliance values are again higher than the values 
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which were obtained in the original BESO method, due to modifying the original objective function 
by using the fatigue stress constraint. Again, as can be seen from the results, the von Mises stress 
values are higher than the tensile principal stress in the proposed BESO approach.  
  
(a) (b) 
Fig.  5-6. Convergence plots for L-bracket with top load (a) (V/V0=0.4), (b) (V/V0=0.5) 
The convergence plots of the problems for the volume constraints 0.4 and 0.5 are shown in Figs. 5-6a 
and 5-6b where the significant jumps in the mean compliance can be seen in comparison to the 
traditional BESO approach. The jumps in the mean compliance during the fatigue-based optimization 
process are caused by a significant change of topology resulting from the elimination of one or more 
bars in one iteration. Following the significant jumps, the mean compliance quickly recovers and 
resumes a smooth ascent. In the next optimization example, the long clamp beam has been solved for 
the proposed optimization problem where again, the aim is to seek the stiffest structure while 
satisfying the fatigue stress and volume constraints simultaneously. 
5.6.3 Long clamp beam 
For the third example, again the long-clamped beam which has been shown in Fig. 4-8 is solved with 
the proposed BESO approach where the maximum stiffness is sought subject to volume and fatigue 
stress constraints. The design domain is discretized by 6000, 1×1 mm quadrilateral Q4 plane stress 
elements, with thickness set at 1 mm. The evolutionary ratio (ER) and sensitivity filter radius (rmin) 
and are chosen to be 2 and 0.02 respectively. The constant proportional load with the maximum of 
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800 N and minimum of 440 N, has been used in this example to calculate the stress state of the 
elements. To avoid the high local stress concentrations due to applying the point load, 12 elements 
(3×4) in the vicinity of the applied load are not used as design variables. σut, σ' f   and b have been set to 
be 440 MPa, 712.8 MPa and -0.851 respectively.  
Fig.  5-7. Optimal layouts for long clamped beam (V/V0=0.34, Nf =106, σf* =326.4 MPa) 
The optimization problem has been solved for two different volume constraints of 0.34 and 0.44 
where Nf =106 has been used for volume constraint 0.34 and Nf =107 for volume constraint 0.44. 
Again, the critical fatigue stress has been calculated as σf
*=326.4 MPa for Nf =106 and σf
*=299.1 for Nf 
=107. The solutions to the problem are depicted in Figs. 5-7 and 5-8.  
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Fig.  5-8. Optimal layouts for long clamped beam (V/V0=0.44, Nf =107, σf* =299.1 MPa) 
 
  
(a) (b) 
Fig.  5-9. Convergence plots for long clamped beam (a) (V/V0=0.34), (b) (V/V0=0.44) 
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As can be seen from the results, the maximum tensile principal stress value in the case of the proposed 
BESO method, is less than the critical fatigue stress threshold. In the case of the original BESO 
method, the tensile principal stress value is larger than the threshold. However, the mean compliance 
values are larger than the values of the original BESO method, due to modification of the original 
objective function. Also, the values of the von Mises stress are higher than the values of the tensile 
principal stresses and the critical fatigue stress due to the application of the sensitivity numbers, which 
are based on the principal tensile stress rather than the von Mises stress. The convergence plots are 
also depicted in Fig. 5-9.   
5.7 Concluding remarks  
In this chapter, the BESO method has been developed for considering the critical fatigue stress in the 
optimization problem to reach the fatigue-resistant optimized design, based on the methodology 
which was proposed by Holmberg et al. (Holmberg, Torstenfelt & Klarbring 2014). Since the tensile 
principal stresses are the main causes of the fatigue failure, and generally the compressive stresses do 
not have the main role in fatigue failures (Holmberg, Torstenfelt & Klarbring 2014), the sensitivity 
analysis was based on the tensile principal stress. The high cycle fatigue along with the constant 
proportional loading condition has been used to calculate the critical fatigue stress. In addition, the 
Goodman fatigue failure criteria used to calculate the maximum tensile principal stress, has been used 
as stress constraint in the topology optimization problem. Different numerical examples have been 
solved to show the merit of the proposed method in the framework of the BESO method where the 
results have been compared with the traditional BESO problem results. As seen from the results, the 
maximum tensile principal stress in all the optimized structures are less than the critical fatigue stress 
threshold, while in the case of the original BESO method all are higher than the threshold limit. 
However, the mean compliance in the proposed method, is higher than the traditional BESO method, 
due to adding the extra fatigue stress constraint and modifying the objective function. As discussed 
previously, the Goodman fatigue failure criteria show the interaction of the alternating stress and 
mean stress in fatigue failure of materials. According to the Goodman diagram, is depicted in Fig. 5-
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10, the fatigue failure will occur while the combination of the mean and alternating stress of an 
element lies in the safe zone of the Goodman diagram.   
 
                                                       Fig.  5-10. Goodman diagram 
Hence, to reach the optimized structure with no fatigue failure, different combinations of the 
alternating and mean stresses should be taken in to account, where the combination of all stresses 
must be in the safe fatigue zone of the Goodman diagram. Since in the proposed BESO method of this 
chapter, the sensitivity analysis is based on the tensile principal stress and the fatigue failure criteria is 
not considered directly in calculating the sensitivity numbers of the elements, and, because the critical 
fatigue stress which is based on the maximum tensile principal stress has been used as stress 
constraint in the topology optimization problem, the optimized structure is fatigue-resistant just for 
the tensile principal stresses. This means that in the case of the interaction of the mean and alternating 
stresses with other stress combinations (e.g.  von Mises, Signed von Mises (Jeong, Choi & Yoon 
2015) and Sines theory (Collet, Bruggi & Duysinx 2017)) it is not possible to reach the fatigue- 
resistant optimized structure due to not considering the fatigue failure criteria directly in the 
sensitivity analysis. The different alternating and mean stresses combination can be defined as follows  
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where σ1m, σ2m, σ1a and σ2a are principal mean and alternating stresses respectively.  
Hence, the optimized structure for the L-bracket example with the center load which has been 
depicted in Fig. 5-2, is checked for the above combination and also for the combination of the 
maximum tensile principal stress as well. The Goodman diagrams for the different combinations have 
been shown in Fig. 5-11. As can be seen from the results, in the case of the maximum tensile principal 
stress, all combinations lie in the safe zone of the Goodman diagram, but in other combination cases, 
the scatters of the mean and alternating stresses have violated the Goodman fatigue failure criterion. 
Therefore, we can conclude that although the maximum principal stress is the main cause of the 
fatigue failure of the elements, by considering the maximum tensile principal stress in the sensitivity 
analysis, it is not possible to reach the fatigue-resistant optimized structure while considering the 
others mean and alternating stress combination (von Mises, signed von Mises and sines theory). The 
obtained optimized structure is only fatigue-resistant against the maximum tensile principal stress. To 
remedy this drawback, we should apply the fatigue failure criteria directly in the sensitivity analysis, 
where the sensitivity numbers of the elements are based on the fatigue failure criteria and are updated 
at each iteration of the optimization. 
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(Von Mises) 
 
(Signed von Mises) 
 
(Sines theory) 
 
(Maximum tensile principal stress) 
Fig.  5-11. Goodman diagram for the example of Fig. 5-2 with different alternating and mean stress combination  
In the next chapter a newly developed fatigue-based BESO method is considered, where the fatigue 
failure criteria are directly used in the sensitivity analysis to calculate the sensitivity numbers of the 
elements, and also different numerical examples have been solved for the proposed method, in which 
different alternating and mean stress combinations (Equations (5-32) to (5-34)) have been checked for 
the results obtained to show the merit and validity of the proposed approach.    
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Chapter 6  
 
Fatigue constraint topology optimization in the framework of the BESO method 
6.1 Introduction 
In this chapter, a simplified fatigue based BESO approach is developed where the modified Goodman 
fatigue failure criterion has been considered to calculate the sensitivity numbers of the elements. In 
the currently proposed approach, which is different from the BESO approach with critical fatigue 
stress, which has been discussed in Chapter 5, the fatigue failure criterion has been used directly in the 
sensitivity analysis, in which the sensitivity numbers of the elements are based on the modified 
Goodman fatigue failure criterion rather than maximum tensile principal stress. The high-cycle fatigue 
approach along with the constant proportional loading condition, has been used for the fatigue 
analysis. The global approach of assembling the local fatigue constraints has been applied by using 
the modified p-norm which assembles all the local fatigue constraints in one function to decrease the 
computational cost. The equivalent linear static analysis has been used to obtain the fatigue failure 
criteria of the elements where the material behaviour has been assumed to remain elastic with no 
crack initiation. The optimization problem is defined to minimize the mean compliance of the 
structure while satisfying the volume and the fatigue failure criterion simultaneously. The proposed 
method also has been developed for Gerber fatigue criteria, in which the sensitivity numbers are 
calculated based on the Gerber equation rather than the Modified Goodman. Different numerical 
examples have been solved in this chapter to show the effectiveness and merit of the proposed 
fatigue-based BESO approach, where the obtained results have been compared with the results of the 
traditional BESO method, with the same volume constraint and loading condition. In addition, the 
interaction of the mean and alternating stress has been checked for different combinations, (von 
Mises, signed von Mises and sines theory) as discussed in Chapter 5. The proposed method in the 
framework of BESO aims to provide a preliminary optimal solution for helping engineers to achieve 
stiff and fatigue-resistant structural components. 
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6.2 Problem statement 
In this chapter the main topology optimization formulation deals with maximizing the stiffness of the 
structure, subject to the volume and fatigue constraints which can be defined as follows: 
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where V *, Vi and xi are the volume constraint, individual elements volume and binary design variables 
respectively. (fPN)max is the global modified p-norm function of the local fatigue constraints and is 
discussed in the next section. It is based on the modified Goodman fatigue failure criteria of the 
elements and must be less than 1 to avoid the fatigue failure. In contrast, the traditional compliance-
based BESO approach (Pcomplinace) which was introduced in Chapter 3 (Equation (3-1)) deals with 
minimizing the compliance with volume constraint only and has been used for comparison in this 
chapter. To show the merit of our proposed method, the Pfatigue optimization problem has been solved 
for different numerical examples where the results are compared with the Pcomplince.  
6.3 Fatigue failure criteria 
Considering the fatigue failure criteria in the topology optimization problem, the global approach of 
assembling the local fatigue criteria has been used by using the p-norm approach (Le et al. 2010) as 
follows: 
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where Li
GM is the modified Goodman fatigue failure criterion for each element, and p is the p-norm 
coefficient. The p-norm function has been successfully applied in stress-based and fatigue-based 
topology optimization by some authors see e.g. (Holmberg, Torstenfelt & Klarbring 2014; Jeong, 
Choi & Yoon 2015; Oest & Lund 2017). As discussed in Chapter 4, the value of the p is selected to be 
a constant between 3 and 5 for the topology optimization problems in this research.  The normalized 
p-norm approach (Le et al. 2010) which better approximates the maximum local constraint as 
explained in (Le et al. 2010), has been used in this chapter, where the normalized p-norm function 
reads: 
 
I
PN
II
PN fcf max)(  (6-3) 
where the iteration number is denoted by I and cI is a coefficient and can be calculated according to 
the following equation when I >1. 
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6.3.1 Fatigue analysis  
In this chapter, the high cycle fatigue approach (HCF) which is only valid for the stress-life method, 
(Budynas, Nisbett & Shigley 2011; Norton 2005) has been used for fatigue analysis, where the 
applied loading condition is constant and proportional. According to (Collet, Bruggi & Duysinx 2017; 
Norton 2005),  if the  materials’ behavior is elastic, and there is no assumption of crack initiation, the 
high cycle fatigue approach works well, and the amplitude of the stress state can be applied for the 
fatigue analysis which has been obtained from the equivalent static analysis. In addition, the 
“quiescence of the solicitation” has no effects on the fatigue life at room temperature, while the 
loading condition is constant, with no corrosion. Hence, in this chapter, the equivalent static analysis 
has been used for the fatigue analysis, to obtain the fatigue failure criteria of the elements. To solve 
the optimization problem in this chapter, the applied load which is shown in Fig. 6-1 is used, where 
the load Fmin< 0 represented the combination of tension-compression and Fmin> 0 is considered as 
tension only.  
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                                                       Fig.  6-1. One cycle of the applied load 
By applying the above applied load to the structure, the stress state history which is shown in Fig. 6-2 
can be obtained where the alternating and mean stress can be calculated from the minimum (σmin) and 
maximum (σmax) values as follows: 
 
                                                       Fig.  6-2. One cycle of the stress history 
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The modified Goodman theory, which shows the interaction of the mean and alternating stresses and 
is used for evaluating the fatigue failure criteria as follows: 
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where ut , 
vonMises
mi
  and 
vonMises
ai
  represent the tensile strength of each element, von Mises mean 
stress and von Mises alternating stress respectively. (σ i ) Nf is the critical fatigue stress for a prescribed 
number of cycles( Nf ) which can be calculated by the Basquin Equation (Aliabadi 1992; Lee, Barkey 
& Kang 2012; Suresh 1998) as discussed in Chapter 5 (Equations (5-7) to (5-11)). To evaluate the 
alternating and mean stress of the elements, the von Mises stress measurement has been used as 
follows: 
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iiii uBDσ =  (6-12) 
where cm and ca are the mean and alternating stress scaling factors which can be calculated as follows  
2
)(1 maxmin FFca
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The stress vectors of the elements which are given in Equation (6-12) are evaluated at the center of 
the elements, where Di and Bi denote the constitutive and strain displacement matrixes of the ith 
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element respectively. Since in the fatigue-based BESO approach, which is a binary approach, the so-
called “singularity” issue will not occur for the solution of the problem, no penalty exponent has been 
used for the stress vectors. For the plane stress problem, the constitutive matrix Di can be defined as 
follows: 
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 As discussed earlier in this chapter, an equivalent static analysis is performed to obtain the 
displacement vectors and other quantities. The static FE analysis is performed as follows: 
maxFKU =  (6-16) 
where U is the displacement vector and K is the global stiffness matrix of the structure. The mean and 
alternating stress scaling factors cm and ca (Equations (6-12) and (6-13)) can be calculated based on 
the maximum applied load (Fmax) where the maximum force is applied statically to the structure 
according to Equation 6-16. Note that in the FE analysis, the maximum force (Fmax) can be substituted 
by the minimum force (Fmin) which leads to obtaining different scaling factors that are based on Fmin 
rather than Fmax, with the same results obtained in both cases. As mentioned in Chapter 4, again in this 
chapter, the material interpolation scheme (SIMP) is adopted for solving the optimization problem 
(Equations (4-7) and (4-8)). 
Furthermore, the modified Goodman diagram, shown in Fig. 5-10 in the previous chapter, is used to 
evaluate the interaction of the mean and alternating stress of the final optimized design, where all the 
scatters of the mean and alternating stresses of the final design must lie in the safe zone of the 
Goodman diagram, in order to avoid the fatigue failure. Different combinations of mean and 
alternating stress (Equations (5-32) to (5-34)) which discussed before are used to check the fatigue 
failure of the final optimal structures’ elements. The alternating stress in the Goodman diagram for the 
examples of this chapter is bounded by the fatigue stress ((σi)Nf) which is calculated by considering the 
infinite life cycles (Nf >107). 
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6.4 Sensitivity analysis with the fatigue constraint  
To solve the optimization problem, the sensitivity numbers should be evaluated from the sensitivity 
analysis, where the gradient of the modified p-norm fatigue criteria in Equation (6-2), is derived from 
the chain rule: 
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By taking the derivative of Equation (6-17), the term 
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 where the derivative of the term i
GM
i xxL  )( is as follows: 
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For the 2D cases, the derivatives of the von Mises alternating and mean stress in Equations (6-22) and 
(6-23) are: 
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The derivatives of iai σ and imi σ  are as follows: 
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The derivative of the stress vectors in Equations (6-22) and (6-23)) with respect to design variable xi 
gives: 
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where the term ixu  can be calculated by using the chain rule from the Equation (6-16) as follows: 
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Combining Equations (6-19), (6-22), (6-23), (6-28) and (6-29), the gradient of the modified p-norm 
fatigue criteria reads: 
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To avoid the calculation of the inverse K, we defined the adjoint variable λɑ and λm by: 
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which was calculated from the adjoint equation: 
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Equations (6-33) and (6-34) are the standard finite element analysis of the adjoint systems, where the 
term on the right-hand side denotes the equivalent external loads. By inserting the adjoint variables 
into Equation (6-30) the final gradient reads: 
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Also as explained in (Huang, X & Xie, YM 2010) the sensitivity of the compliance can be calculated 
as: 
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Hence, to calculate the sensitivity numbers of the elements, the gradients of the p-norm fatigue criteria 
and the compliance have been obtained in this section.   
6.4.1 Sensitivity numbers  
The Lagrangian multiplier ( λ ) has been introduced to consider the additional displacement constraint 
(Huang, X & Xie, Y 2010a), as discussed in Chapter 4. In this chapter, this method is again extended 
to consider the additional fatigue constraint. To do so, the original objective function is modified by 
adding a Lagrangian multiplier, , as 
)1)(()( max1 −+= PNfCxf   (6-37) 
where 0 ≤ λ ≤ 1. The modified objective function could be the same value as the original value when 
the (fPN)max is equal to 1. If (fPN)max < 1 the fatigue constraint is satisfied, λ should set to 0 (λ=0). Hence 
the Lagrangian multiplier will act as a compromise between the local displacement constraint and the 
objective function. Since λ has an effective role in calculating the sensitivity numbers it should be 
defined prior to the calculation of the sensitivity numbers. Thus, the sensitivity of the modified 
objective function is:  
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Thus, the sensitivity number of the elements used in BESO can be expressed by: 
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where the calculation of the Lagrangian multiplier (λ) is based on the volume constraint and the 
additional fatigue constraint, which means that the proper value of the Lagrangian multiplier (λ) can 
be calculated while both constraints are satisfied. Therefore, λ can be defined as follows: 
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where ωmin ≤ ω ≤ 1 and ωmin can have the small value e.g. 10-10. The procedure of calculating the 
appropriate value for λ is as follows: 
Step 1: The first lower bound value of ω is set to ωlower = ωmin and the upper bound value is set to be 
ωupper = 1. 
Step 2: Start the program and calculate the sensitivity numbers based on the modified objective 
function and estimate the fatigue failure criterion for the next iteration (
1
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Step 3: If the estimated fatigue failure of the next iteration (
1
max)(
+I
PNf ) is larger than 1 then ω should 
be updated with a smaller value as follows:   
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and ωupper should be set to ω at the same time. If 
1
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PNf is less than 1 then ω should be updated with 
a larger value as follows:   
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and at the same time, ωlower should be updated to ω. 
Step 4 : The above steps should be repeated until the difference between the upper and lower bounds 
of ω is less than10-5 and a proper value of  was obtained (Huang, X & Xie, Y 2010a). 
6.5 Bi-directional evolutionary structural optimization procedure with fatigue constraint  
The fatigue-based evolutionary optimization flowchart, which is used in this chapter, is shown in Fig. 
6-3. The procedure for the proposed algorithm was based on the BESO method algorithm (Huang, X 
& Xie, Y 2010a) and also the procedure which was used in Chapter 4 for problem P1stress, except for 
the determination of the sensitivity numbers and the Lagrangian multiplier, which is based on fatigue 
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constraint in the proposed algorithm of this chapter. The convergence criteria are based on the 
compliance and p-norm fatigue failure criteria which can be defined as follows: 
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where N = 5 is used in this problem as well. 
 
Fig.  6-3. Flowchart of the BESO procedure with an additional fatigue constraint 
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The gradual material removal will be stopped when the algorithm reaches the objective volume (V *) 
and the whole optimization process will end if the above-mentioned convergence criteria are satisfied. 
As per (Huang, X & Xie, Y 2010b; Huang, X & Xie, YM 2007, 2010; Yi et al. 2013; Zuo, Xie & 
Huang 2011), the sensitivity numbers were filtered and also modified by averaging their values at 
their previous iteration to improve the convergence of  the proposed BESO. 
6.6 Numerical examples 
In this section, the fatigue–based problem (Pfatigue) is solved for different examples in which the 
optimized structure with the highest stiffness is sought while the volume and fatigue constraints are 
satisfied. The constant proportional load which has been shown in Fig. 6-1 is applied to the example 
in this chapter by considering the maximum (Fmax) and minimum values (Fmin) of the loads to evaluate 
the amplitudes of the stress state. For comparison, the problem of minimizing compliance, subject to 
the volume constraint (Pcompliance) is also solved by assuming F = Fmax for each example. The modified 
Goodman diagram is then used to evaluate both resulting designs by applying the same load. In each 
example, the tension and tension-compression loads are used to solve the fatigue-based problem 
Pfatigue. The base material of the structure is assumed to be the carbon steel 1018 with Young Modulus 
E = 210 GPa and Poisson’s ratio ν = 0.3. Again, the Basquin equation (Equation (5-7)) is used to 
determine the alternating stress value (σi )Nf, which is related to a minimum number of cycles to 
failure in S_N diagram (Aliabadi 1992; Lee, Barkey & Kang 2012; Suresh 1998).  The tensions and 
compressions yield stresses are assumed to be the same (σut = σy=358 MPa). As discussed in Chapter 
5, and again in this chapter, the proposed fatigue-based (Pfatigue) method aims to reach a preliminary 
optimized structure in the first stage of the fatigue design process, therefore the actual endurance limit 
is used rather than e  for calculating the σnf. This means that none of the correction factors of the 
endurance limit have been applied for the proposed method as well.  According to the Basquin 
equation which was defined in previous chapter, σ' f and b are the fatigue strength coefficient and 
fatigue strength exponent, which should be calculated accordingly, based on σe, and have been set to 
be 593 MPa and -0.086 in this chapter, respectively. Nf =107 is adopted to represent the infinite 
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loading cycles. To achieve an optimal design with no fatigue failure, the combinations of all mean and 
alternating stresses of the elements must lie in the safe zone of the modified Goodman diagram, which 
has been depicted in Chapter 5, Fig. 5-10. To check the fatigue-failure resistance of the optimal design 
in this chapter, three different combinations of mean and alternating stresses, which have been defined 
in the previous chapter in Equations (5-32) to (5-34), are checked with the modified Goodman 
diagram. Also, for comparison, the modified Goodman diagram of the traditional compliance-based 
method is also available for all the examples where the previously mentioned combinations 
(Equations (5-32) to (5-34)) have been checked for the final optimal designs.   
6.6.1 L-beam with center load  
The first example is the same example as shown in Fig. 4-2 which is the L-bracket beam with a fixed 
edge where the load was applied in the middle of the right-hand side of the beam. The design domain 
has meshed with a total of 6400 four-node plane stress elements, which have equal sizes of 1 mm × 1 
mm. The thickness is assumed to be 1 mm. For avoiding the stress concentration, six elements (3 × 2) 
around the applied load are excluded from the topology optimization formulation and fixed to be 
solid. The filter radius and the evolutionary rate in BESO are set to be 1.5 mm and 0.02, respectively. 
The topology optimization results for the tension and tension-compression loads are shown in Figs. 6-
4 and 6-6 in which different volume constraint have been applied for each example.  
According to the results, the mean compliance values of the proposed method are 4 – 6% higher than 
the values obtained from the traditional compliance-based case (Pcompliance). However, the fatigue 
failure criteria in the case of Pfatigue problems is alleviated significantly in contrast to the results from 
Pcompliance problems and decreased from 38 – 40% according to the results. This comparison indicated 
that in the case of the proposed method, the stress concentration was alleviated significantly in the 
kink edge which led to it being exempted from fatigue failure compared to the traditional compliance-
based case. 
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                    Fig.  6-4.Topology optimization results for L-bracket (Fmax=200 N, Fmin= -50 N, V*=0.3)       
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                Fig.  6-5. Goodman diagram for L-bracket (Fmax=200 N, Fmin= -50 N, V*=0.3) with different 
alternating and mean stress combination  
According to the results which are shown in Figs. 6-4 and 6-6, the interaction of the mean and 
alternating stress of all the stress combinations of the final optimal design for the proposed method, lie 
in the safe zone of the modified Goodman diagram. In the case of the original BESO method without 
fatigue constraint, the fatigue failure will occur due to the combinations not laying in the safe zone of 
the Goodman diagram. Also, the interaction scatters of the mean and alternating stresses have been 
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depicted separately for both optimization problems (Pfaigue & Pcompliance) for each combination in Figs. 
6-5 and 6-7.   
                    Fig.  6-6. Topology optimization results for L-bracket (Fmax=250 N, Fmin= 50 N, V*=0.32)       
The convergence plots of the p-norm fatigue constraint for the proposed optimization problem with 
the volume constraints of 0.3 and 0.32 are depicted in Fig. 6-8. However, the convergence plots of the 
compliance also have been shown in Figs. 6-4 and 6-6. Additionally, the time plots for solving both 
optimization problems (Pfatigue & Pcompliance) are depicted in Figs. 6-4 and 6-6 where elapsed time for 
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solving the proposed optimization problem is more than the original BESO method, due to solving the 
equilibrium equation of the adjoint method.  
Fig.  6-7. Goodman diagram for L-bracket (Fmax=250 N, Fmin= 50 N, V*=0.32) with different alternating and 
mean stress combination 
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(a) (b) 
Fig.  6-8. Convergence plots for L-bracket (Pfatigue) (a) (V/V0=0.3), (b) (V/V0=0.32) 
 
6.6.2 Cantilever Beam  
 
A cantilever beam (Fig. 4-14) in which a point load applied at the right-hand side center has been 
considered as a second example where the thickness is set to 1 mm. The design domain has been 
divided into 5000 quadrilateral plane stress elements, where eight elements that are in the vicinity of 
the applied load have been excluded from the design space to avoid the stress concentration. The 
evolutionary rate (ER) and sensitivity filter radius (rmin) have been set to 0.02 and 2 mm respectively. 
The numerical results from the optimization problems P fatigue and Pcompliance are shown in Figs. 6-9 and 
6-13 for different tension and tension-compression load cases, in which different volume constraints 
have been applied for each fatigue-based example. As can be seen from the results, the fatigue failure 
criteria have decreased from 35 – 38% when compared with the traditional compliance-based method. 
The compliance value in the case of the proposed approach, is 11 - 13% higher than the values which 
were obtained from the Pcompliance optimization problems, due to the application of the fatigue 
constraint and modifying the original objective function. 
 According to the results, the interaction of the mean and alternating stress of all the stress 
combinations of the final optimal design for the proposed method, lie in the safe zone of the modified 
Goodman diagram. In the case of the traditional BESO method (Pcompliance), which is without fatigue 
constraint, the fatigue failure will occur due to the combinations not lying in the safe zone of the 
Goodman diagram. Again, the interaction scatters of the alternating and mean stresses have been 
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shown for both optimization problems (Pfatigue & Pcompliance) separately, for different combinations in 
Figs. 6-10 and 6-12.   
                   Fig.  6-9. Topology optimization results for cantilever beam (Fmax=250 N, Fmin= -150 N, V*=0.3)       
The convergence plots of the p-norm fatigue constraint for the Pfatigue problem with the volume 
constraints of 0.3 and 0.26, are shown in Fig. 6-13. The convergence plots of the mean compliance of 
both approaches have been shown in Figs. 6-9 and 6-11. The time plots for solving both the 
optimization problems (Pfatigue & Pcompliance) are depicted in Figs. 6-9 and 6-11 as well where the 
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elapsed time for solving the Pfatigue problem is greater than the Pcompliance problem due to using the 
adjoint method for calculating the inverse of the global stiffness matrix (K-1) in the sensitivity 
numbers calculation. 
 Fig.  6-10. Goodman diagram for cantilever beam (Fmax=250 N, Fmin= -150 N, V*=0.3) with different 
alternating and mean stress combination 
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                    Fig.  6-11. Topology optimization results for cantilever beam (Fmax=350 N, Fmin= 150 N, V*=0.26)       
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 Fig.  6-12. Goodman diagram for cantilever beam (Fmax=350 N, Fmin= 150 N, V*=0.26) with different 
alternating and mean stress combination 
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(a) (b) 
Fig.  6-13. Convergence plots for cantilever beam (Pfatigue) (a) (V/V0=0.3), (b) (V/V0=0.26) 
6.6.3 Eyebar beam  
The third example is the Eyebar beam whose dimensions and boundary condition have been shown in 
Fig. 4-31 previously. The thickness was 1 mm, and the design domain was discretized with 1 mm × 1 
mm quadrilateral Q4 plane stress elements deprived of a circular hole of radius 15 mm. A horizontal 
load of density F(x,y)=(Fmax or Fmin)((y2-152),x≤0  , 0) was applied, where (x, y) denoted the local 
coordinate system whose origin was located at the center of the hole. The structure was clamped along 
a segment of length 20 mm on the right-hand side. The alternating and mean stress components were 
calculated using the scaling factors ca and cm which were discussed earlier in this chapter. The 
sensitivity filter radius and the evolutionary rate in BESO were chosen to be 1.5 and 0.02 respectively. 
In order to handle the stress concentration, the elements in the vicinity of the applied load remained 
solid. 
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                   Fig.  6-14. Topology optimization results for Eyebar beam (Fmax=33 N, Fmin= -5 N, V*=0.4)       
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 Fig.  6-15. Goodman diagram for Eyebar beam (Fmax=33 N, Fmin= -5 N, V*=0.4) with different 
alternating and mean stress combination 
Solutions for the Eyebar problem for minimizing compliance with and without the fatigue constraint, 
are shown in Figs. 6-14 and 6-16 where two different load cases (tension and tension-compression 
loads) have been applied for solving the numerical examples with different volume constraints. Again, 
for comparison, the volume fractions for Pfatigue with the fatigue constraint and Pcompliance without the 
fatigue constraint were the same in each example. 
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                    Fig.  6-16.Topology optimization results for Eyebar beam (Fmax=45 N, Fmin= 25 N, V*=0.36)       
It can be seen from the results that all combinations of the mean and alternating stresses for the 
optimal designs obtained from Pfatigue are within the safe zone of the modified Goodman diagram. It 
means that the resulting design is fatigue-resistant. However, the optimal designs from the traditional 
topology optimization, Pcompliance, violate the fatigue criteria as shown in Figs. 6-14 and 6-16 for all 
combinations together and in Figs. 6-15 and 6-17 for different combinations separately, where the 
Goodman fatigue criteria of the elements which are not in the safe zone are greater than 1.  
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 Fig.  6-17. Goodman diagram for Eyebar beam (Fmax=45 N, Fmin= 25 N, V*=0.36) with different 
alternating and mean stress combination 
Hence the proposed fatigue-based approach was able to constrain the fatigue failure criteria below the 
threshold limit. According to the compliance plots, as shown in Figs. 6-14 and 6-16, the compliance 
values in the case of the fatigue-based topology optimization (Pfatigue) are slightly higher (9 - 10%) 
than the traditional compliance-based method (Pcompliance), due to the additional fatigue constraint in 
Pfatigue. However, the fatigue failure criteria have been reduced by 30 - 31% in comparison to the 
traditional compliance-based problem. The convergence history of the optimization problem Pfatigue is 
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also given in Fig. 6-18. Additionally, the time plots for solving both optimization problems have been 
depicted in Figs. 6-14 and 6-16 where the traditional BESO method took less time than the proposed 
fatigue-base method, as no adjoint equilibrium equation was solved in the Pcompliance problem. 
  
(a) (b) 
Fig.  6-18.Convergence plots for Eyebar beam (Pfatigue) (a) (V/V0=0.4), (b) (V/V0=0.36) 
 
6.6.4 Long clamped beam  
 
The last example is the long clamped beam of Chapter 4 (Fig. 4-8) and deals with the optimization of 
a long clamped beam which is clamped on both sides with a point load applied at the center of the 
beam where L = 200 mm and the thickness is 1 mm. The design domain is discretized by 6000, 1×1 
mm quadrilateral Q4 plane stress elements. The sensitivity filter radius rmin and the evolutionary ratio 
ER are chosen to be 2 and 0.02 respectively. The 12 elements (3×4) in the vicinity of the applied load 
are not used as design variables in order to avoid the stress concentration. 
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Fig.  6-19.Topology optimization results for Long clamp beam (Fmax=400 N, Fmin= -100 N, V*=0.33) 
Solutions for the long clamped beam problem for minimizing compliance are shown in Figs. 6-19 to 
6-23, for different volume constraints and loads. As mentioned before, in each example there is the 
optimal design of the traditional compliance-based optimization problem which has the same volume 
as the fatigue-based optimization problem. Again, as can be seen from the numerical results, the final 
optimal designs which were obtained from the traditional stiffness problem (Pcompliance) are not 
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fatigue-resistant while they have the same volume as the fatigue-resistant optimal designs which 
obtained from the proposed fatigue-based optimization problem (Pfatigue). 
 Fig.  6-20.Goodman diagram for Long clamp beam (Fmax=400 N, Fmin= -100 N, V*=0.33) with different 
alternating and mean stress combination 
Notably, the compliance of the proposed fatigue-based approach, is higher than the case of BESO 
with an additional fatigue constraint.  The mean compliance of the examples for both methods and 
also their time plots, are shown in Figs. 6-19 and 6-21. All combinations of the alternating and mean 
stress of the examples in the proposed method, lie in the safe zone of the modified Goodman diagram, 
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which means that the fatigue failure will not occur during the prescribed life cycles. The scatter of the 
alternating and mean stresses for the different combinations is shown in Figs. 6-20 and 6-22 
separately and shown for all combinations in one diagram in Figs. 6-19 and 6-21. In addition, the 
convergence plots of the proposed fatigue –based approach have been depicted in Fig. 6-23 for 
different volume constraints 0.33 and 0.25. 
                   Fig.  6-21. Topology optimization results for Long clamp beam (Fmax=500 N, Fmin=200 N, V*=0.25)       
O
p
ti
m
iz
ed
 s
tr
u
ct
u
re
 &
  
 
)
G
M
i
L( 
o
d
 m
an
 f
at
ig
u
e 
cr
it
er
ia
G
o
 
P fatigue (V/V0=0.25)  
 
Pcompliance (V/V0=0.25)  
 
 
 
(Li
GM)max= 0.909 
C = 107 [N mm] 
 
 
 
(Li
GM)max= 1.264 
C = 102.7 [N mm] 
 M
o
d
if
ie
d
 G
o
o
d
m
an
 d
ia
g
ra
m
 (
sc
at
te
r 
o
f 
al
l 
co
m
b
in
at
io
n
s)
 
 
 
 
 
M
ea
n
 c
o
m
p
li
an
ce
 &
 t
im
e 
p
lo
ts
 
 
 
Chapter 6   140 
 Fig.  6-22. Goodman diagram for Long clamp beam (Fmax=500 N, Fmin=200 N, V*=0.25) with 
different alternating and mean stress combination 
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(a) (b) 
Fig.  6-23. Convergence plots for Eyebar beam (Pfatigue) (a) (V/V0=0.33), (b) (V/V0=0.25) 
6.7 Gerber approach  
As mentioned earlier in this chapter, the proposed method has been developed for another fatigue 
failure criteria rather than the modified Goodman to solve the optimization problem Pfatigue. In this 
section the Gerber fatigue failure criterion (Aliabadi 1992; Lee, Barkey & Kang 2012; Suresh 1998) 
has been used as follows: 
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Again like the Goodman fatigue criterion  ut , 
vonMises
mi
  and 
vonMises
ai
  represent the tensile 
strength of each element, the von-Mises mean stress and the von-Mises alternating stress respectively. 
(σ i )Nf  is the critical fatigue stress for a prescribed number of cycles ( Nf ) which can be calculated by 
the Basquin Equation (Aliabadi 1992; Lee, Barkey & Kang 2012; Suresh 1998) as discussed in 
Chapter 5 (Equations (5-7) –(5-11)).  The procedure of calculating the sensitivity numbers using the 
Gerber criterion, is the same as the modified Goodman criterion and just requires the substitution of 
the Gerber criterion in Equation (6-2) as follows: 
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 The derivative of the Gerber criterion with respect to design variables reads: 
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Since the first term of the Gerber fatigue criterion is the same as the modified Goodman criteria 
(Equation (6-7)), all derivatives in Equation (6-48) are the same as Equation (6-19) except the 
derivative of the term 
vonMises
m
Gerber
i i
xL  )(  which reads: 
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Hence the final sensitivity numbers can be calculated by modifying the above-mentioned term 
(Equation (6-49)) in Equation (6-35) which reads: 
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 where the adjoint variable λɑ and λm can be defined by 
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The procedure for calculation of the Lagrangian multiplier for solving the optimization problem is the 
same as previously and has been discussed earlier in this chapter. 
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Fig.  6-24.Topology optimization results for L-bracket with Gerber fatigue (Fmax=200 N, Fmin= -50 N, V*=0.3) 
In this section, the optimization problem has been solved for the L-bracket beam of Fig. 4-2 which 
was solved earlier in section 6.6.1 by considering the modified Goodman criterion. All the parameters 
assumptions for the fatigue analysis are the same as section 6.6.1 including the load value. The 
topology optimization results for the L-bracket have been shown in Figs. 6-24 and 6-25 where two 
different loads and volume constraint, have been considered to solve the optimization problem. Again, 
the traditional BESO method has been solved for comparison. According to the results, the mean 
compliance values in the proposed method with Gerber fatigue criterion are 4 - 8% higher than the 
mean compliance values of the original BESO method, due to applying additional fatigue failure 
constraint. In the case of original BESO method, the maximum fatigue failure criterion is higher than 
1, which means that the fatigue failure will occur and is unavoidable, but in the case of the proposed 
fatigue-based approach it will not occur, since the maximum Gerber criterion is less than 1 for the 
final optimal designs. 
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Comparing the computational cost of the proposed fatigue-based approach with the original 
compliance-based BESO method (Pcompliance), the computational efforts of the two examples are 
illustrated in Figs. 6-24 and 6-25. The algorithms have been run with Matlab codes, in which the total 
times for solving the optimization problems have been depicted step by step, by calculating the time 
for each iteration. It can be seen from the result that the computational effort in the proposed 
approach, is higher than the traditional BESO method, due to the solution of the adjoint equilibrium 
equation. Also, the convergence plots of the optimization problem Pfatigue, have been depicted in Fig. 
6-23 for different volume constraints 0.3 and 0.32. 
Fig.  6-25. Topology optimization results for L-bracket with Gerber fatigue (Fmax=250 N, Fmin=50 N, V*=0.32)
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(a) (b) 
Fig.  6-26. Convergence plots for L-bracket beam (Pfatigue) (a) (V*=0.3), (b) (V*=0.32) 
6.8 Different BESO parameters effect  
In this section, the effects of the different BESO parameters on the final optimal design are considered 
for the example of the cantilever beam, shown in Fig. 4-14 and solved in section 6.6.2. The different 
evolutionary rate and filter radius have been applied to reach the optimal designs for volume 
constraint 0.3, where the maximum load (Fmax) is 250 N and the minimum load is -50 N. As discussed 
in Chapter 4, since the BESO method is a discrete design optimization solution, the Zig-Zag 
boundaries of the optimal designs are inevitable when compared with the continuous density 
approaches e.g. SIMP method.  
rmin=1.5 mm rmin=2 mm rmin=2.5 mm 
   
 
 
(Li
GM)max= 0.950 
C = 33.4 [N mm] 
 
 
(Li
GM)max= 0.895 
C = 33.1 [N mm] 
 
 
(Li
GM)max= 0.989 
C = 32.3 [N mm] 
Fig.  6-27. Optimization layouts for cantilever beam with ER=0.01 (for cantilever beam (Fmax=250 N, Fmin= -
150 N, V*=0.3) 
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rmin=1.5 mm rmin=2 mm rmin=2.5 mm 
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(Li
GM)max= 0.996 
C = 34.2 [N mm] 
 
 
(Li
GM)max= 0.995 
C = 34.6 [N mm] 
Fig.  6-28. Optimization layouts for cantilever beam with ER=0.02 (for cantilever beam (Fmax=250 N, Fmin= -
150 N, V*=0.3) 
According to the results, the larger filter radius may lead to reach a stiffer structure in some cases (e.g 
ER=0.01 and ER=0.025), but it cannot be guaranteed and in other cases it may not occur. The 
evolutionary rate (ER) does not lead to major changes to the final design but applying the smaller 
value of the ER leads to an increase in the computational cost due to the slow evolution of the volume 
fraction. 
rmin=1.5 mm rmin=2 mm rmin=2.5 mm 
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GM)max= 0.983 
C = 34.3 [N mm] 
 
 
(Li
GM)max= 0.949 
C = 33.5 [N mm] 
 
 
(Li
GM)max= 0.949 
C = 31.4 [N mm] 
Fig.  6-29. Optimization layouts for cantilever beam with ER=0.025 (for cantilever beam (Fmax=250 N, Fmin= -
150 N, V*=0.3) 
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The results show that the developed fatigue-based BESO problem can effectively fulfill the fatigue 
constraint and the maximum fatigue failure criteria, which in this section is based on the modified 
Goodman criterion, which is less than 1 in all the cases. Hence the final optimized structures in all 
cases with different BESO parameters are fatigue-resistant while satisfying the volume constraint as 
well. 
6.9 Conclusion remarks  
Since fatigue is one of the most important criteria for engineering problems, it should be considered 
during topology optimization. In this chapter, the fatigue-based BESO method has been proposed for 
minimizing the compliance, subject to the fatigue and volume constraints. The proportional loads with 
constant amplitude were used to evaluate the sensitivity numbers of the elements, based on the 
modified Goodman fatigue failure criterion which has been applied directly in the sensitivity analysis. 
Also, three combinations of mean and alternating stresses have been considered for controlling the 
fatigue failure of the final optimal design with the modified Goodman diagram. The proposed method 
was verified numerically, and the obtained results were appealing. Because of the adoption of the 
fatigue constraint in the proposed method, the compliance of the optimal fatigue-based design was 
slightly higher than that of the traditional compliance minimization. Also, the proposed approach has 
been modified for Gerber fatigue failure criterion and the optimization problem has been solved for 
different numerical examples. Although the proposed method can reach the preliminary fatigue-
resistant optimized structure, but it is limited to the constant proportional loading condition with linear 
equivalent static analysis. The optimal design obtained from the proposed method was fatigue-
resistant, as evidenced by the modified Goodman diagram, while the optimal design obtained from the 
traditional compliance minimization approach, violates the fatigue criterion applying the same loads 
used in our proposed approach.  
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Chapter 7  
 
 Final Remarks 
7.1 Main achievements 
This research is mainly focused on applying the stress and fatigue constraints in the BESO 
optimization approach to achieve an optimal design with no fatigue and stress failures. The key 
achievements are listed as follows: 
Firstly, a novel approach for applying the stress constraint in the BESO method was proposed, where 
the global approach of the local stress constraint was used by applying the p-norm function to reduce 
the computational cost and overcome a large amount of the local constraints issue. Differing from 
(Xia et al. 2018) which simplified the sensitivity analysis due to the complexity of the stress-based 
topology optimization problems and overly damped the sensitivity numbers, in order to make the 
BESO procedure stable. In our proposed method, the stress vectors of the material have been fully 
considered in the sensitivity analysis. The linear static analysis was applied to evaluate the distribution 
of von-Mises stress and calculate the p-norm stress sensitivity of the elements. Then, the current 
BESO method was extended to find a design without large stress concentration and with local stress 
close to the stress limit. Three different optimization problems were solved for different numerical 
examples based on the proposed method.The first optimization problem (P1 stress) was formulated to 
minimize the compliance subject to the stress and volume constraints. The second problem (P2 stress) 
dealt with minimizing the p-norm stress subject to volume constraint. The third problem (P3 stress) was 
regarding the minimization of the structure’s volume while satisfying the stress constraint. Compared 
with the traditional compliance minimization problem (Pcomplince) where large stress concentration may 
occur, the numerical examples showed that considering stress minimization in the BESO method, the 
final optimal designs are closer to a practical engineering design where stress concentration has been 
reduced significantly.  
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The effect of different BESO parameters was considered on the proposed method as well, where the 
results demonstrated that a smaller filter radius (rmin) leads to the optimized design with a lower 
maximum stress but with more members, which may cause the extra cost in manufacturing, the 
considered evolutionary rates (ER) had no significant effect on the final optimized design. A smaller 
evolutionary rate causes the slow evolution of the topology to the specified volume fraction and 
increases the computational cost. The mesh-independence of the proposed method was also controlled 
by applying different mesh sizes for the optimization problems and checked the final optimized 
structures. The proposed stress-based approach is different from the traditional BESO mesh-
independent approach (Pcomplince), as it is not mesh-independent. By changing the mesh sizes the same 
topology cannot be obtained due to the local optima. The same topology may be obtained for the 
proposed stress-based method by defining the larger filter values while using finer mesh sizes which 
are not based on the sizes of the mesh (as in the traditional BESO method) and is instead based on 
experience. Since stress is one of the most important criteria for engineering problems, it is not 
sufficient to use the BESO method to optimize the structure for the maximum stiffness. Therefore, the 
proposed method can be used as a tool to overcome the stress concentration issue of the final design, 
obtained from the original BESO method. In conclusion, this study solved the stress-based topology 
optimization in the framework of BESO with discrete design variables. 
Secondly, since fatigue failure is another most important criterion for engineering problems and has 
never been developed in the BESO method, in this research, a method was developed for considering 
the critical fatigue stress as a constraint in the BESO method. The critical fatigue stress was calculated 
for a predefined number of cycles to failure for the structure as discussed previously and used as stress 
constraint in the topology optimization problem. The optimization problem, which is called Pfatige stress 
in this study, was formulated to minimize the mean compliance, while satisfying the volume and 
critical fatigue stress constraints. This was different from the proposed stress-based approach, 
discussed above. Since the fatigue failure generally does not occur for compressive stresses, the 
sensitivity analysis of the Pfatige stress problem was based on the highest tensile principal stress in each 
point of the elements. The aim was to reach an optimal design in which high cycle fatigue failure does 
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not occur for a specific lifetime. The critical fatigue stress is calculated based on modified Goodman 
criteria and used as a stress constraint in the topology optimization problem. The optimization results 
were also compared with the results from the compliance minimization problem (Pcompliance). The final 
optimized design, which was obtained from the proposed, method is fatigue-resistant for the 
prescribed life cycles, however, in the case of the original BESO method, the fatigue failure occurred. 
Since the proposed method is based on the maximum tensile principal stresses, it is purely fatigue- 
resistant while the combination of the mean and alternating stresses of the final design was checked 
by the tensile principal stress measurement. This means that in the case of the other stress 
measurements (von Mises, signed von Mises and Sine theory) as discussed in Chapter 5 the proposed 
fatigue-based method cannot fulfill the fatigue constraint, therefore the fatigue failure might occur. 
Hence the proposed fatigue-based method in which the critical fatigue stress has been used as the 
stress constraint, can be used as a tool to reach the fatigue-resistant optimal design which is limited to 
the maximum tensile principal stress application.   
Finally, as the method with the critical fatigue stress considers the maximum tensile principal stress in 
the sensitivity numbers calculation and cannot be used in the other cases (e.g. von Mises, signed von 
Mises and Sine theory), a novel fatigue-based optimization approach was developed where the fatigue 
failure criterion was used directly in the sensitivity analysis. In the proposed fatigue-based BESO 
method the compliance was minimized, subject to the fatigue and volume constraints. The 
proportional loads with constant amplitude were used to evaluate the sensitivity numbers of the 
elements, based on the modified Goodman fatigue failure criterion which has been applied directly in 
the sensitivity analysis. Also, as was shown the proposed method could be used for the other fatigue 
failure criterion, for example, Gerber rather than modified Goodman where the sensitivity analysis 
should be modified based on the new criterion. The proposed method which is different from the 
fatigue optimization that was based on the critical fatigue stress (Chapter 5), can be used for the three 
combinations of mean and alternating stresses (von Mises, signed von Mises and Sine theory) where 
for the three combinations, all the interactions of the mean and alternating stresses of the final designs 
lay in the safe zone of the modified Goodman diagram. The proposed method was verified 
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numerically, and the results obtained were appealing. Because of the adoption of the fatigue constraint 
in the proposed method, the compliance of the optimal fatigue-based design was slightly higher than 
that of the traditional compliance minimization. The proposed method can reach the preliminary 
fatigue-resistant optimized structure, but it is limited to the constant proportional loading condition 
with linear equivalent static analysis. The optimal design obtained from the proposed method was 
fatigue-resistant, evidenced by the modified Goodman diagram. The optimal design obtained from the 
traditional compliance minimization approach violates the fatigue criterion under the same loads used 
in our proposed approach. Different topologies from the traditional compliance minimization were 
achieved when fatigue constraint was employed. It must be noted that the proposed fatigue-based 
approach is a simplified design tool that can enhance the traditional compliance BESO approach with 
respect to fatigue constraint and can be used as a preliminary optimal solution to help the designer to 
obtain fatigue-resistant optimal design. 
Comparing with SIMP solution with intermediate elements, BESO is based on the discrete design 
variables and only allows remove elements as a whole and in some cases, we don’t have smooth 
surface and zigzags are inherent in the final optimal layouts. In the fatigue-based optimization 
problems in chapter 5 and 6 of the thesis, the global function of the tensile stress and Goodman 
fatigue failure criteria has been used with the p-norm function, therefore this algorithm implemented 
an average effect on the local stress and local fatigue life of the element level. Thus, the zigzags on 
the edge of results do not affect this method significantly. The results in the thesis indicate that these 
zigzags have little effect on the fatigue life in the global approach. However, in the local approach 
which consider the local stress and fatigue life of each elements in the sensitivity analysis theses 
zigzags may affect the fatigue life and the final optimal design may not have theses zigzags. Since the 
local approach of the stress and fatigue-based topology optimization are very costly, they are out of 
scope of this thesis. Also, the original BESO method is mesh independent, however the new method 
in this thesis is mesh dependent and, in some cases, it might reach different topologies with a small 
negligible changing of the BESO parameters and mesh size. We adopted the following way to 
effectively compare the stress and fatigue results from different optimization problem: the same mesh 
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size and BESO parameters must be used in each problem. Based on our results presented in the thesis, 
it is acceptable to have the comparison with the same mesh size in all examples. In conclusion, this 
research investigated the stress-based and fatigue-based topology optimization in the framework of 
BESO with discrete design variables. 
7.2 Future work 
In this thesis, the BESO was developed to apply the stress and fatigue constraints in the topology 
optimization problem. The studies conducted in this thesis offer innovative solutions to reach the 
optimal design in which the stress concentrations were alleviated significantly in comparison to the 
original BESO method. In the fatigue-based approach, the optimal design was fatigue-resistant for the 
prescribed number of cycles. Since the proposed stress–based approach was not mesh-independent 
due to the nonlinear nature of the stress constraint, and the local optima issue, the proposed method 
should be developed further for obtaining a solution which is mesh dependent, and 3D examples can 
be used to extend the validity of the proposed stress-based BESO method.  As mentioned previously, 
the fatigue-based approach was limited to the high cycle fatigue with a constant proportional loading 
condition, therefore the proposed fatigue-based method should be extended further to be applicable 
for the non-constant and non-proportional loading conditions as well. In addition, the short low cycle 
fatigue analysis, which is based on the strain, rather than stress, can be applied to future studies. 
Furthermore, since the current proposed fatigue-based approach is based on the high cycle fatigue 
analysis, which is based on the time domain fatigue analysis, the frequency domain fatigue 
optimization in the framework of the BESO method can also be considered for future studies. 
Furthermore, since the proposed stress-based and fatigue-based approaches are sensitive to mesh size, 
they are not applicable to be used for optimization of the complex structures directly.  Due to the high 
sensitivity of theses proposed methods, their efficiency is not higher than the conventional methods. 
The future research should be done to resolve the mesh dependency of the theses methods which 
could be helpful in using them for the optimization of the complex structures. 
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